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PE3IOME

O6cyxnarorcss mpoOGneMs! NPENCTaBICHUA pPENICHHE IPHKJIANHBIX 3adad TeOPHH
YOPYroCTH W, B YaCTHOCTH, peIleHHi OBYMEPHBIX 3aJa4 OPTOTPOMHOrO Teja, 3auadu
TEOPHMH KOMIIO3MTHBIX IUMT M 000/04Yek B BHAE pAa3oKeHHM M0 HEKOTOPOi
NepBOHAYAIILHO BbIOpaHHOH crucTeMe 6a3MCcHBIX pemeHui. Kak npasmo, mo6oe pemerue
CKOJIbKO-HHOYb CIIOKHOH NpoOIeMbl NPH pelIeHHMH B TOYHOW WIM NPHOIMKEHHON
TOCTAHOBKE HAXOAMTCA B BHAEC HEKOTOPOTO Ppa3jIOKCHWI II0 CHCTeMe 3aJaHHBIX
KOOpauHATHBIX (yHKImiA HMcxmodeHne cocTaBifieT MOXKAAyd JIMIIb AaHAJTATHYECKHE
peleHys BeCchMa OrpaHMYEHHOTO Kjacca MPOCTHIX 3amay. Permenws, ompenesieMsie ¢
TIOMOIIB0 YMCIICHHBIX METOA0B KOHEYHbIX 3JIEMEHTOB, KOHEYHBIX Pa3HOCTEH M Ap. TaKXKe
MOJKHO TPAaKTOBaTh KaK Pa3sIO’KeHMA IO CIIEIHATLHOH cHcTeMe (yHKI, ompeneeHHbIX
B y3J1aX CE€TKH WIHM KOHEYHBIX 3JIEeMeHTOB. B pesysbraTe, nmpobiemMa ocTpoeHus pemeHuit
CBOAUTCA K NpobiieMe HaX0XKIeHMA kK03 GHUIIMEeHTOB B YKa3aHHBIX PA3JI0KEHHAX, KOTOPad,
B CBOK O4epenb, IPUBOAUTCA K COOTBETCTBYIOIIEH aireOpamueckoii mpodieme, B 00meM
cllydae MOIyCKaromed iumb npuOmpKeHHOe perzeHre. OOHON W3 Ba)KHEWIIMX 3a/1aY,
MO3TOMY, SABJIAETCA IOBbINIEHHe J((QeKTHBHOCTH TIOCTPOEHHBIX TaKuM 00pa3oM
NpUOIIDKEHHBIX PelIeHMil. WX (hu3HYecKas Mpo3pavHOCTh U 0GOCHOBAHHOCTH, CTPOTOE
MaTeMaTH4eckoe 060CHOBaHME M OLICHKAa TOYHOCTH. B cTaThe OTMeHar0OTCA HEKOTODBIE
HOBBIE METObl, IO3BOJMIOINME HAMTH TOYHBIE pelleHWI B (OpMe pas3joKeHWH B
KaHOHMUYECKUX O0O0JacTAX C HCHONB30BAHWEM CHEIMANBHBIX CHCTEM (YHKIpIA H
OHMOPTOroOHAJILHBIX pasiioxkeHui. Jlanee o0CYKIarOTCA HEKOTOpBIE ACIIEKTHI IOCTPOECHHA

Mozenei cpe ¢ 0600mMEHHONH KHHEMATHKOM U OPTaHINYECKH BHITEKAIOIIHE W3 HUX HOBBHIE
~ (opMBI TPECTAaBIIEHHAs MCKOMBIX PEIICHHI 3a1a4 MEXaHUKH Ae(OpMHpPYEMOTO TBEPHOTO
TelAa B JOCTaTOYHO OOmeH TpexMepHOH NOCTaHOBKE B (opMe pa3loKeHHi 110
MOANPOCTPAHCTBAM  KMHEMATHYECKHMX  COCTOAHMM B JHEPreTU4eCKOM  HOpMe,
onpenerieMo i NOTeHIMAIbHOM YHepTHe ned)op MaLIMH.

1. 0 PA3JIOXKEHUAX IO INOACUCTEME 3ATAHHBIX KHHEMATHYECKHAX
COCTOAHNHA

Ilpennaraerca CTpOUTH pemeHMsA NPHUKIANHBIX 33734 TEOPHH YNPYTOCTH, TEOPHH
miacTuH M o0omoyek B ¢opMe Ppa3NoKEeHHH II0 CHCTeMe 3aJaHHBIX, YACTHBIX
KMHEMAaTUYECKHX COCTOAHMNM. B 3TOM cirydae BO3HMKAaeT pPAN BCIIOMOTATENbHBIX 3a0ad,
TpammmMoHHEIX [1] ¢ Toukm 3peHmMs mpoOieMsl NpeicTaBleHMA pemeHWd HeKOTOPOi
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KpaeBOH 3a/1a4¥ B BHJIE Pa3JI0KCHHA B PANBI 110 3aaHHOM CHCTeMe (DYHKLMIA, UIparonIyx
pons 06OOImIEHHBIX KOOPDOMHATHBIX (YHKIWMIL  ONpeNeNeHHe 3HEPreTHUECKOTO
IIPOCTPAHCTBA, SHEPTeTHYECKOrO NPOM3BENCHAA M JHEPTETHICCKOH HOPMBL IOCTPOCHHE
MUHAMI3HPYIOIIEH II0CIEeA0BATEIbHOCTH (PYHKIDIA U HCCIENOBAHME €€ CXOAHMMOCTH H T.IL
[lpexne 4em mepedTH K CYIECTBY A€/a CAENa€M HEKOTOPOE OTCTYILIEHHE, CBA3AHHOE C
HHTETPaIbHbIMHA 3aKOHAMH COXPaHEHHS.

1.1. HexoTopbie 3aMe4aHnsi 00 HHTerpaibHbIX YPABHEHHSIX COXPAHEHHS.

B paGore [2] 6bum mpensioskeHsI MOIETH Cpex ¢ OGOGIIEHHON KUHEMATHKOLA,
NOCTPOCHHbIE C UCTIOIb30BAHMEM HM3BECTHOTO MPHEMA ITyTEM BBEACHHA JIMIIb A0CTATOYHO
00IMX KUHEMATHYECKHX CBA3CH B BHIE BBIDAKCHWA 11 HECHMMETPHYHOTO TEH30Da
puctopcur. IIpu 3TOM B IPEANOOKEHHH JMHEHHOH YIPYrocTH GBUIHM yCTaHOBIICHBI
ONpeAC/LIOMHAEe COOTHOIICHUA, COOTBETCTBYIOINHE BAapPHAHTY TEOPHM YOPYIOCTH C
OTCYTCTBHEM IADHOCTH KACATeJbHBIX HAmpsOkeHMH. JrtoT dakr crenyer o3
HECHMMETPHYHOCTH BBEACHHBIX KHHeMATHYECKHX CBA3CH M HATIPAMYIO CBA3aH C Y4ETOM
YNPYI'HX MOBOPOTOB B KMHeMAaTHKe. B maHHOM paGoTe BOIpoOC 0 MOJENAX C HEMAPHOCTEIO
KacaTe/IbHbIX HANPSKEHHM IOCTPOCHHBIX B [2] 3aTpoHyY jIMmme moToMy, 9T06BI OTMETHTH
HHTeTPabHBIA Xapakrep 3aKOHOB COXPAHEHMA OTHOCHTENbHO HECHMMETPHYHbIX
KOMIIOHEHT TeH3opa HampsokeHud. Ilocmenmee oOCTOATENBCTBO, HAPAMY C TEM YTO
naddepeHMaNBHBIX (JIOKATBHBIX) YPaBHEHHI PaBHOBECHA, MOJTY4EHHBIX KAK YPaBHEHHA
Jiinepa, UMeeTCA B TOTHOCTH KaK M B KJIACCHYECKOH TEOPHHM YIPYTOCTH BCETo JIMIIL TPH,
HE JIOJDKHO BBI3BIBATH YAMBJICHUA. DM3HYECKMH CMBICI 3THX COOTHOIICHHI COXPaHEHHA
TOYHO TAKOH XK€ KAK M (M3MYECKMH CMBIC HHTEIrpajdbHBIX YPABHEHHI pPaBHOBECHA
YIPYroro Teia OTHOCHTENIBHO TJIABHOTO BEKTOPAa OOBEMHBIX W MOBEPXHOCTHBIX CHJI H
IJIaBHOTO MoMeHTa 3THX CHL Ilpu momoGHOM ¢opMymHpoBKe cpen He HapymaeTcs He
OJIHO M3 MCXOJHBIX IIOJIO)KCHMIA, BBITIOIHAIOTCA COOTHONIEHHU COXPAaHeHUs. B 4acTHOCTH,
B Clly4ae OTCYTCTBHMHM IIAPHOCTH KAaCaTe/IbHbIX HATIPSOKCHMI MOBOPOT YILYTOro Teia Kak
TBEPAOT0 OTCYTCTBYET €C/IM HANPDKEHHA B O0BeMe YHOBICTBOPAIOT CIEHAYFOLIEMY
COOTHOIICHHUIO COXPaHEHHUI:

J( 02— k2,3, JaV = 0

B pa6ore [2] noxa3aHo, 4TO IpH COOTBETCTBYIOIIEM BHIGOpPE HAYAIHLHOTO COCTOSHUS
0TCYeTa BCEIZ]a HAWAETCA COOTBETCTBYHOIIEE KOJMIECTBO NIOCTOMHHBIX, YTO0BI YPaBHEHHA
COXPaHeHHA BBIIONHAINCH. IIpH 3TOM MONIBITKA NONYYMTh M3 HMHTETPAbHBIX YpaBHEHHI
COXpaHCHMA JIOKAIBHBIX YPAaBHEHWH, 3aNMCaHHBIX B nuddepeHmamsHOM opme,
BO3MOXHA, HO TpebyeT NONONHMTENBHBIX H BECHMA JKECTKHX OTOJIHHTEHHBIX
OTPaHWYCHUH NPH OIMCaHWH Cpenpl IloACHMM mocienHee HAa TpUMeEpE PacCYKICHMIA,
HCTIONb3yeMbIX OOBIMHO NpH OGOCHOBAHMM IAPHOCTH KACATENBHBIX HANPSKEHHH B
KIACCHYECKHA TeOPHH yNpyroctd. IIpH TpagMIMOHHOM MOAXOJE IOCHE TOr0 KaK H3
YpaBHCHHH DaBHOBECHA MOMEHTOB, 3alMCAHHBIX I BCEr0 HMCCIENYEMOTO Tela C
TTOMOINBIO JIOKA/IbHBIX YPABHEHHM PABHOBECHA IMOJIYYAar0T HMHTErPAjbHBIE COOTHOLICHWA
COXpaHeHWs (OHH NOMy4aroTCs B (hOpMe 3aTHCAHHBIX BBILE COOTHOMIEHMI, €CIIH NP HHATH
B IOCJIeTHHX k = 0) OTHOCHTENLHO KacaTebHBIX HANPIKEHHH, NENAl0T AOIOIHHTEHHOE
NPEATIONIOKEHHe O TOM 4YT0 /i1 BBINOJHEHHA JTHX YCIOBHMM HE0OXOAMMO, YTOGBI
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[image: image3.png]COOTBETCTBYIOIIME INOABIHTErPaIbHbIE BHIPAXKCHHWA OOpaIMamich B HOb. B pesymsrate
NPHUXOJMM K YC/IOBHSAM IAPHOCTH KACATEIbHBIX HANPSOKEHUH. EnuHCTBEHHBIM apryMeHTOM
B II0JB3y CTONb CHJIBHOTO TMPEANONOKEHHA ABIAETCA YTBEPKIEHHE O TOM, 4YTO
HHTErPajbHble COOTHOIIEHHA NOJDKHBI BBITIOIHATECA U1 NPOU3BOJILHOrO 06beMa V , 9to
OYEBHIHO, ABJIETCA IOIOJHHUTEIBHBIM IPEATIONIOKEHHEM, MO0 HCXOIHBIE IJI00abHbIE
YPaBHEHHA PaBHOBECHA I HMCCIIENyeMOM Cpenbl GynyT BBINONHATHCA M B TOM CIIy4ae,
€CM BCEr0 JIMIOb YHAOBJETBOPSIOTCA HMHTEIPaJbHble COOTHOINEHWSA COXPAHCHHS.
ChenanHble BBINE PacCyXIEHHA HEOOXOMMMBI [Uif GOJBINEH ACHOCTH IPH JanbHEHIIEM
M3JI0)KCHMH, KOIZIA MHTEIPajJbHBIC YPaBHEHMA COXPaHeHWA OyOyT WONyYeHbI Kak
HeoOXonuMble YCIOBMA CTAMOHAPHOCTH JIarparbkuaHa W Jlajiee HCIOB3YHTCS IPH
ompeneneHur K03GGHIMEHTUB B Pa3I0KEHHH HCKOMOTO PEIIeHHd 10 33[aHHOM CHCTEME
HEKOTOPBIX YaCTHBIX KHHEMAaTHYECKUX HAYaIbHBIX COCTOSHMIAL

1.2. Hexoropbie npumMeps! pa3oxeHHil M0 KHHEMATHYECKHM COCTOSTHHSAM.

3pecs GymyT pacCMOTPeHbI HEKOTOphlE NMPHUMEPHl NPEACTABICHHMA DPEIEHHA B (opme
IpAMON CyMMBI YACTHBIX DPEIICHHI, T.€. HCKOTOPBIE YACTHBIE BHIbI Pa3ji0KCHHIL

Hcmoms3yem nanee cnenyromue o6o3HaueHwns. ITomaraem, uto X, u ¥, - cooTBeTcTBEHHO

CHIIBL, IEUCTBYIOIIKE B 06beMe /' M Ha MOBEPXHOCTH F', OTpaHUMHBAOMIEH HCCIEMyeMOoe
ynpyroe Teno, L- JlarpamkmaH, COOTBETCTBYIOINMI, NPHUHATON Momem: cpemsr, U -
NOTCHIMANIbHAA SHeprud nedopmarms, 4 -paboTa 3a1aHHBIX 00BEMHBIX M TTOBEPXHOCTHBIX
YCHIIMH Ha BO3MO>KHBIX ITepeMEIEeHMAX yIpyroro tena. ClieoBaTebHO, MOKEM 3aIHcaTh

L=4-U

A=[[[x.Rav +[ [vRaF (1.1)

KonkperHoe BBIpaKeHHME IUI1 TOTCHIMATHBHONW 3HEPTHM MOXET OBITh 3aIMCAHO A
KaXI0M KOHKPETHOH MojenH ne(opMHMpOBaHHME. YDaBHEHMS pPaBHOBECHA B
nuaddepeHmambHOM GopMe B COOTBETCTBYIOIMME MPAHMYHBIE TOT/A JIETKO 3aITMCHIBAIOTCA
KaK ypaBHeHud Oilepa H €CTECTBEHHBIE TPAHHYHBIE YCIOBHA, COOTBETCTBYIOIIHE
¢yskumonany Jlarpamka. HHave rosops, uro0s! copMympoBaTs Kpaesyro 3amady IpH
peIIeHN: B IepeMeINeHUAX A0CTATOYHO, KAK M3BECTHO, 3aTIMCATh BAPHALIMIO (yHKIFOHAIA
Jlarparpka. Hampumep, mwiA cpemsl C H30TPONHBIMM CBOMCTBAMH, B KOTOPOM
nepememenws, Oynydn HenpepBHBIME M audpdepeHImpyeMbiMM  yHKIHAME
HOTIMHAIOTCA CBA3AM, COOTBETCTBYIOIIMM HECHMMETPHUHBIM COOTHOLICHUAM I TEH30Pa
muctopcud [ ] Bapuarms JlarpamkuaHa UMeeT BHI
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(1.2)

BapuarmosHoe ypasHenwe (1.2) ofecrieumBaeT (OpMYIHMPOBKY K4K CHCTEMBI
paspemaromux u(pdepeHIMATPHBIX YpaBHCHMI, TaK M CHCTEMBI COOTBETCTBYHOINHX
TPAHMYHLIX YCNIOBME JUIA CpeAbl C HEMAPHOCTBIO KacaTeNbHbIX HampspkeHwid (k,D),
pacripeneneHHbiMA 10 06beMy (C') m moBepxHOCTH (B, 4 ) CBA3AMH THNA YOPYrUx
ocHoBauuil. CumuraeM HeOOXOOMMBIM OTMETHTb, YTO YPABHEHHs, 3aIMCAHHBIE BHINE, B
CUJIy TOTO, YTO OHM COIEP)KAT cllaraeMoe NpPOIOPLMOHANBHOE CMEUMECHUAM (II0CTOSHHAL
C), IpencTaBMOT Ha HAIN B3TJLLI 3HAUMTEIbHBIM MHTEpEC B TEOPHM TOHKHX IUICHOK, a
TaKoKe TPH ONMCAaHWH AWHAMHYECKOTO TMuBefeHus cped. Breipakenwe (1.2) sarmcano ns
ClIy4as TepBOii OCHOBHOM 3aJa4H, T.¢. IIOBEPXHOCTHOE MHTETPHUPOBAHHE BENETCA II0 TOM
YaCTH NOBEPXHOCTH I/e BapHalls NepeMelleHHi He paBHA Hy/0. BpUIo mokasaHo, yTo
BEKTOp IepeMeINeHHH B cpefe MOsKeT ObITh IpeACTaBiIeH B Buae 0000menHHoil (opmys
Uezapo, B KOTOPOI MHTETPaIbHAA COCTABIIOINAA OTPENeAeTCA JIAIb Yepe3 KOMIIOHEHThI
TeH30pa AeBHaTopa neOpMalii, OTBEYAIOINETO 3a M3MeHeHue popMbL BHenHTerpambHas
COCTAaBJLTIOIIAsA TIPECTABIIET M3 ce0f IIOJMHOM BTOPOro IopAnka ( B OT/IMYHME OT

o0braHOM ¢opmynsl Uezapo) M ompenenseT HE TOJIBKO mchnammR:’,.n TIOBOPOTHI KakK

TBEPAOTO TEJIa a)a , HO H Tpymiry IIBI/DKCHI/II‘/’I, CBA3AHHYIHO C 00beMHEIMH B 00BEMHO-

BpamaTebHbME aswkeHmiME- 0° u 6. Hmeem [2]

R, =R,°+w§(x )9 += 9"(x - X, )++39}’Py +7, (1.3)

BemrumHa 7, BbIpa)kaeTcsa C MOMOINBI0 KOHTYPHOTO HMHTErpalia JMINb Yepe3 KOMIIOHEHThI

TeH3opa aepuatopa nedopmampii Kpome Toro, B mampHeiimmeM OyneM HCIONB30BaTh
1

" . — 40 R 40 —+0

crenyromee o6o3nadenme: P, = (x, —x, )(x, - x;) 25"(x" X )(x, —x,)

IpencraBnenne (1.3) MOXXHO TPAKTOBaTh KaK HEKOTOPOE Pa3jIOKeHWE HCKOMBIX
TIepeMEIICHIM B [POCTPAHCTBE YACTHBIX KMHEMAaTHYECKUX COCTOSHHUIA

1. PaccMoTprM Gosiee moapoOHO 4acTHBIM ciy4aid, korna a=B=C=k=0. B
3TOM ciy4ae Bapuarwa JIarparmKuaHa 3aIIChIBAETCA B CIICAYFOLIEM BHIIE
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3nech 3,4, - Temsop Jlesu- Umsnra, C ) -TEH30p YIPYTUX MOIYJICH, 71, - €AAHUTHAS
HOPMAJTh K NOBEPXHOCTH F .

MHOXHTEIHN NPH COOTBETCTBYHOINUX BapHALAX 0000MmMEHHBIX NEpEeMEHHBIX 31€Ch
ABJIAIOTCA UHTErPaJbHbIMK 3aKOHAMH COXpaHeHHs. [IpudeM niepBrie IBa M3 HUX:

[xav +$rar=0
IX,(xﬂ - x§)3aﬂ,dV + §Y,(xﬂ - xz)SaﬂidF =0

COOTBETCTBYIOT YCJIOBHAM TIJIO0AbHOTO pAaBHOBECHA pacCMAaTpHBAEMOr0 Tella Kax
a0COFOTHO TBEPAOIO, T.€. PABEHCTBY HYMI0 BEKTOPOB 3aJaHHBIX OO0BEMHBIX H
TOBEPXHOCTHBIX CII 1 MOMEHTOB.

ITompoGyeM BbICHUTH (M3MYECKMM CMBICH IIOCIEAHWX IBYX CJIATAEMBIX B
MOJHMHOMMAJGHOM YacTH pa3ioeHHd BekTopa nepememenuit (1.3), comeprkammx
vuoxuremm §°, 6° . Tomoxwum, 4ro o6bemuas nedpopmamms 6 TPeACTABIAETCA B BHIE

MPAMOT CyMMBL, COOTBETCTBYIOIHEH pasioxenuo (1.3):

=90 0 @
6 =6 +6,"x,+86 (1.4)
[ &1
314€Ch 0 = —éc— = KHHCMATHICCKOC COCTOAHMC, CBA3AHHOC C H3MCHCHHUCM (])Oplv.[bl, a
i

0° +6°x, -nuHetHan komOmHammA cocrosHWE 1, x,. Jlamee paccMaTpHBaeTcs
KHHEMaTHIeCKOe COCTOAHME, COOTBeTCTBYIomee BhipaxkeHmo (1.4). Ilpencrasnenmo (1.4)
COOTBETCTBYET, OYEBHIHO, CICAyIOMee MPEACTaBICHHE IUI1 BEKTOpa IIepeMeeHMiA

1 1
R =§0°x, +§9,°P,j +7,

IlogctaBmas Belpaxkenne i 6 ¢ momombio (1.4) B ocraBmuecs fABa
m30mep uMeTp maeckue cooTHomeHrws (1.3), momyumnm
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oV +85(S, - xov)+ [ aav =

1
—(2,u+3/1)“X x, —x; dV+§Y x?)dF]+———(2p+3l)I§2
(1.5)
9°(S —x°V)+9°[JR,—SPx;’—S x°+x°x°V]+I€(xj—xj)dV=
—(2y+3/1)j' (5= 5 + s )[j X, B,dV +§¥,P,dF|

3aech V = IldV- 06néMm, S, = Ix,dV— BEKTOP CTATHIECKHUX MOMEHTOB H J; = _[x,x ,av -
TEH30p MOMEHTOB HHEpPIHH.
Otcrona HalineM HeM3BECTHbIC aMILTATY/BI B pasiokeHnd (1 .4). IIpensapurensHo B

S
KayecTBE CHCTEMBI OTCHETa BhIGEPEeM NEHIDAJBHBIE OCH X, = 7’, TOTMA CHCTEMaA

ypaBHeHu# ( .4) pacrafjaeTcs U ee peleHHUe 3aIMChIBAeTCA B BUAE:

o__1 _ 1 ( _§,_) ( _5,_)
6° = VjadV+(2#+u)V[j'X, %= av +§7| x, - JaF |+

+e¢—ije¢dV,

o = -1 ,jj‘a(x, ) (2“ D L[ X, P,av +§v,PaF|+ (1)

S S
+(xﬁ ——;?)IQJ‘BQ(xJ ——I}j—)dV

S8,
rae I\ J, ~ - =4,

Ioxacrasnis HalCHHbIC BEIAYHHEI B BRIPasKSHHE I 00beMHO# AedopMaruH, Nosyum:
1 S S
=—| | X (x ——“)dV+ Y(x ——“)dF +
(2,u+3/1)V|:'[ AN 4 pr.=. 4

Sp
(xﬁ ‘7)%

¥ (2u+32)
1 S, S\
+6% —7j9¢dV-(xﬂ —7)1ﬂ,je¢[x, —7j)dV

TaxuM 06pa3oM NOCTPOEHO pelIeHNe B KIacce KHHEMATHYECKHUX COCTOAHMIA 1, x, u 69

[ x.P,av +§v,p,aF]+ (1.7)
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[image: image7.png]BBenem HOBbIH 6a3Hc, Kak THHEHHYI0 KOMOHHALHEO BBIOPaHHBIX B COOTBETCTBHHM C (1.4)
KHHEMATHYECKHUX COCTOAHMEL

1, x,—7’H

1 Si ) SJ
6* ——I—/J'G"dV—(xi -7)1,jj'9 (xj 72

IloxakeM, 4TO 3TOT HOBBI GazwC - OPTOTrOHATBHBIH. /14 3TOT0 BHIMHCIMM BLIPa)KSHHS:

[6ar = m[p{ (xa —S7")dV +$7, (xa —%)dF]

S, 1
| G(x,‘ - 7)411/ - W[ [X.Pyav +§7,P,aF|
| 9[94’* -f} | 9¢dV—(xﬂ -S7ﬂ]1ﬂ, | 9¢(x, -—S—Vj)dV]dV -
- [ g¢ _%J{Bq”dV—(xa -%)Ikﬂj 9¢(xﬁ —%)dVJx (18)

1, s, S,
x {eqb -] e¢dV-(x, -7)1,, [e? (x, —7)dVJdV

Ilpaseie 1acti (1.8) sBasmorcs mpoeximaMu 06BeMHON nedopmamp Ha HOBBIA Gasuc.
OueBumHo, uTO CIpyKTYpa mpaBBIX wacTeil B (1.8) moxasbBaeT OpPTOrOHAILHOCTH
BBIOPaHHBIX KHHEMATHYECKUX COCTOAHMIA, KOTOPBIC [aJiee IPHMHUMAEM 33 OPTOTOHAIbHBLH

6asuc. CoorHowrenus (1.6) mO3BOOT AaTh $mEeckyro vHTepnpeTamro BemAuIEHAM °
u 6°, Bxonammm ‘B pasnoxerns (1.4) m o6obmennyro dopmyiy Yeszapo. Hmm
OTpENC/IACTCA KHHEMAaTHKA Teld, aGCOOTHO TBEPAGIO IO OTHOIICHHMIO K HM3MEHEHHHO
Gopmbr.  Herpymuo yGemurnes, 4To 3TH KHHeMaTHYECKHe COCTOSAHHA MOTYT OBITH
BO30Y>KIeHBI IOCTOAHHOM H, COOTBETCTBEHHO, JIMHEHHO M3MEHMIOMEHCA TeMIIepaTypHOH
HATPY3KOK. [IeHCTBHTENBHO, MOJOXKMM, 4YTO HMMEET MeCTo TEeMIIepaTypHas HATpy3Ka:

S
At=T +T,(x, —7'). Jlerko moxasate , 9T0 TakoMmy HATPY)KEHHI0 COOTBETCTBYIOT

Creayromse 06beMHble B IOBEPXHOCTHbIE YCHITHA B BBIPAIKEHHH (1.7):

ane
&,

X/ = —%(2p+32,)
| (1.9)

i =< (2u+32)Am

i
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Henocpenctsennoit moacranoskoii (1.9) B (1.8) Moo y6enurses, wro TIPOEKIMA Ha
TePBOC KMHEMATHECKOE COCTOSHHMe- «1», COOTBETCTBYIOmee , 3aBHCHT TONBKO OT

S,
i
BENMMMHbI ], TPOEKIMA HA BTOPOE KHHEMATHYECKOE COCTOSHHE- «((X, —7/—) » 3aBHCHT

TOJILKO OT BEIMMHUHBL 7, a OPOEKIMA HA HX 3aMBIKAHUE B NIPOCTPAHCTBE KAHEMATHUECKHX
COCTOSHMK PaBHO Hymo. CnelyeT NONOJHHUTENLHO OTMETHMTh TAKKe, 9TO 3TH [Ba
KHHEMAaTHYECKHE COCTOAHMA OPTOTOHABHBL

EcTecTBeHHbIM CrieIcTBHEM ABJIETCA TOT (AKT, HTO €C/HM YIPyroe Teno cBoGOIHO
OT 3aKpEIUICHHH, TO HAIPDKEHHO-NeOPMUPOBAHHOE COCTOSHHE OIPENENIETCS TOJMBKO
Pa3NOKEHHEM MO MEPBHIM [BYM OPTOTOHAMHHBIM KHHEMATHYECKHM COCTOSAHHAM, a
NPOCKIWA HA TPeThe KMHEMATHYECKOE COCTOAHHE TOMNIECTBEHHO paBHA HYJIO, IO,
CCTECTBCHHO, BIOIHE COOTBETCTBYET HM3BECTHOMY B TEOPHH YIPYrOCTH pe3y/IbTaTy.
IlpuBeneHHbI TPHMEpP IO3BOJMET HPOACHUTh (H3HYECKHH CMBICH KBaJIpaTHIHOTO
nomHOMAa B 0606menHo dopmyne UYesapo m ABIseTcs WUIOCTpaLmeit Pa3noKEHHA 110
OPTOT'OHAJIbHBIM KHHEMAaTHYECKIM COCTOSHEAM.

2. PaccMoTpHM eme OOMH IpuMep, KOTOPBIH MOJIEIMPYET 4aCTO BO3HMKAIOIIYIO B
MPUKIAAHBIX 337a4YaX CHTYallHI0 NPH CTPEMJICHHH BBITEIUTb M MPHOIIDKEHHO OIHMCAThH
kpaeBoit 3dpekT, HAIPHMED B OKPECTHOCTH Kpas IUIACTHH H 06OJIOYEK. Ionoxxum, yro
PacCMATpUBAeTCA MOMENs NeOPMHUPOBAHHMA, B COOTBETCTBMM C KOTODOH B cpene
IBMCHACTCA JMIIb OXHA KOMIIOHCHTA IECPEMEINCHMA B HANPABICHMH HEKOTOPOM
¢uxcHpoBarHOi ocu N,: R, = UN, . BoipaxeHre 11 BAPHATIAH TI0 TEHIMAILHON 3HEepruH
TIOTEHIMAIBHOM J/ 3HEepruu B 9TOM ClTy4ae MMeeT BUL;

FU
o,

2
oW = | (y+k)5i—-gcj-1v,+(y+z—k) N, -CUN, BUN,dV -

J
LY Y U
-4 (,u+k)a;-an, +,15—1N,n, +(,u—k))c¥iNjnj — A;N,U U, N, dF
rne 4, = Ann; + B(8,-nn, ), D=0
Ilycts paccMaTpuBaeTcs miocKas 3amaua TEOPHH YNPYTOCTH M BHIOpaHHOE HANpABJICHME

ocu N, coBmapaer ¢ ockro x. Torma BEIpaKeHHe V11 BAPHALIHA TIOTEHIHMATbHOMN 3HEPTHH
TIOTEHIMATbHOM SHEPTHH PHAMET BHI '

5W=_‘-li(2,u+/l)a2 +(,u+k)0;(2] —cU:IcYdeaj/—

U
&2
a X =X a Y =W
-1 (2u+A ——+AU-,5Udy - [,u+k ——+BU]§del
j[( )ék I Tr=x, Ji( )o'y Y=,
Craenyer oTMeTHTH, UTO MIMEHHO K rapMOHHHECKOI Ipo6Ieme (c=0, 4=0, B=0)
CBOZATCA 33]a4H IPH NPUOFHKEHHOM OIIMCAHMH IUTHT B 0007104€eK, B TOM YHCIIE

CPTOTPOIHbIX IUTHT ¥ 060I0Yek HCCIIEAYEMBIX B PAMKAX BADHAHTOB YTOYHEHHBIX TEOPHIL
Ec/m nomo6Ho (1.3) BekTop Iepemente it NpencTaBILETCA B BHIE Pa3NoKeHHA

(1.10)
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TO W3 BBIPAKEHMA A7 BapHarmm JlarparkmaHa JI€IKO IIOJIyYHTh COOTBETCTBYIOIIHE
HHTErpajbHbIC YPABHEHMA COXpaHCHWA. B JaHHOM ciiydae NpH OTCYTCTBHH O0BEMHBIX M
TIOBEPXHOCTHBIX CHJI YPABHEHHA COXPAHECHUA IIPHHNAMAIOT BH!

[eUN.av +§ 4,N UdF = 0

[cUN,(x, = x5)E padV +$ 4,N U(x, ~ 3 )E,pdF = | Zk%J—N,EyadV
J
[ oUN,(x; = x2)av + § 4,8 U(x, - x0)aF = —[ (20 + 3A)§deV (1.12)
. J

[cUN,B,av +§ 4, N UP,dF =

itip
= (2y+3ﬂ)%Nj(xp —xg)—zk—gN,(xp —xg)E,.jkEpﬂk}V
J J

IToncranoska B ypasrHeHma (1.12) UN, ¢ momompio pasercts (1.11) mpusopur B
pesyibTaTe K CHCTEME JIMHEHHBIX anre6pamuecKuMX ypaBHEHHH OTHOCHTEIBHO
HemsBeCTHBIX R;,@,,0°0),U, KOTOpble BMeCTe C YPaBHEHMAMH, BHITEKAIOIIAMH W3

BapHaIMOHHOro paseHcTBa (1.10) 0OpasyloT 3aMKHYTYI0 CHCTEMy pa3pemaromiux
ypasHermii otHOCHTeNbHO Qyrkimm U ® cucTeMs moctosEHbX R’ ,w?,0°6). B atom

cilydae HCCleqyeMoe KHHEMaTHYeCKOEe COCTOAHWE, CBA3aHHOe ¢ (pyHkumest U wimercs B
CHCTEME OTCUeTa OIpene/ieMOH 3apaHee BBIIENCHHBIMHM NPOCTHIMH KHHEMATHYECKHMH
COCTOSHHAMMY, CBA3aHHBIMHM C IOJMHOMHAIBHBIMHU CJIaTaeMbIMH B Ipexnctasienmu (1.11).
B peambHBIX HCCIE0BAHHMAX H pacyeTaX YKa3aHHOE IPEACTaBIICHHE MOXKeT OBITh I0JIe3HO,
HATIpUMep, TNPH OIMCAHMHM KpaeBbIX 3()(EKTOB B IUIACTHHAX U 000JI0YKAX, HATPYKEHHBIX
HE TOJIKO CHCTEMOM YCHAMM M MOMEHTOB, HO H IMHEHHO pachpeleeHHOM o
KOOpAMHATaM TEMIIEPATypHOH HATPY3KOH, Koraa maedopMHpOBaHHOE COCTOSHHE
COOTBETCTBYIOIEE TEMIICPATYPHOMY HATDY)KCHMIO BBIICIAETCA 3apaHee M HM
onpenensderca HadambHOe cocrosHue. [lo nmoBoxy MHTErpanbHBIX YPaBHEHHI COCTOAHHA
(1.12) moxmo cpenmats criemyomee oGoOmenme: M0G0 CHCTEME KHHEMATHYECKHX
cocTosHmi R’ mpemnmaraeMslii Boime TOIXON CTABHT B COOTBETCTBME " k” HHTeIpasbHBIX

338KOHOB COXDaHCHHA, KOTOpDBIC IIO3BOJLIIOT ONIpPENECNNTh AMIUIATYXBI  (IIPOEKLMH)
IPOM3BOILHOTO KMHEMATHIECKOTO COCTOSHUA B Gasmce R .
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2.0BIASl ®OPMA PA3JIOKEHMH PEINIEHMH TEOPHH YIIPYT'OCTH
AHM30TPOIMHOI'O TEJIA ITIO 3ATAHHOU CHCTEME KHHEMATHYECKHAX
COCTOAHAA (KOOPAAHATHBIX @ YHKIINIA). AITOPATM IIOCTPOEHUA
KOO GUIMAEHTOB PA3JIO0KEHMI, HEKOTOPBIE CJIEICTBHA.

PaCCMO’I‘pHM AHU30TPOIIHOE YNPYroe TeJo, CBOMCTBA KOTOpPOro OImcChIBarOTCA
TEH30POM YIPYTuX kecTKOCTeH C,; . YpaBHEHHE PAaBHOBECHA B NEPeMEIICHHAX UMEET
BHUO.

c &R,
“ afij o’k O'k

+X,=0 2.1)

[IpubmwkeHHOE pEIICHHe YPAaBHEHHA, YAOBJIETBOPAIOMES 3aJaHHBIM IPaHHYHBIM
YCIOBHAM Ha IIOBEPXHOCTH OTPaHHYMBAIOIIEH YMPYTYI0 00JIaCTh B KjIacce 0600meHHbIX
pelleHMit' W3 JHEPTeTHYECKOro IPOCTPAHCTBA, OMNPENENIEMOTO COOTBETCTBYHOIHM
narpamxuadoM [1]. B npambHeHImeM mpenmonaraeTci, Yro HAa TOM YaCTH TPAaHHIBI
YOPYroro Teja, TA€ 3aJaHbl MEPEMEIIEHHMA, HMMEIOT MECTO ONHOPOIHBIE TPAHHYHLIE
ycnosus. B KauecTBe MMHMMIBHpYyeMOro (YHKIMOHANIA 3JHEPr¥M IPHHAMAETCA
Jlarpamxwan L(R;), pemeHMe (MUHMMH3HPYIOIAA IIOCIENOBATENBHOCTh  (hyHKLIHIA)

HINETCS W3 YHEPTETHUECKOro MPOCTPaHCTBa ¢ HopMoii [R] = 2U, rae U - noTeHumambsHas
3HEpTrHuA ae¢opMaII:

R, R,
2U=_[C,,ﬂ,j@c %)

rae R, -KOMIIOHEHTBI BeKTOpa mepememenmii R. [l 1ByX moObIX 371€MEHTOB W3

IHEPTETHYECKOT0 IpocTpancTBa R™ u R” cooTBeTcTBYromupM 06pa3oM ompenenserca u
CKaJIPHOE NpOM3BEACHUE:

[r".R"]=20"=]C,, ZCR" ‘ﬁ'm av (2.2)

bynem , cHa4ana, mpencTaBiIATh HCKOMOE pemenne R, B BUnE:
R =1, +a'R} (2.3)

rie R! - anpuopm m3BecTHAT CcHCTeMa KOOPIHHATHBIX (YHKIHL a*- HckoMEIe
k03O HIMEHTEI Pa3oKeHAN, 7, - GYHKIHA , ABIMOMAAC Pa3HOCTHI0 MEXIy HCTHHHBIM

pelIeHreM H PasiioKeHWEM PEMIEHHA B PA MO KOHEYHOM CHCTEME M3BECTHBIX (hYHKITHA
R, 1.e. ommbxa npu npHOIDKeHHOM NPECTaBICHUH PeINCHHS.

IToncrasmaa (2.3) BMecTO nepeMemieHmMii B BhIpa)keHHe i JIarpamkuaHa M BBIMHCIAL
MEPBYI0 BAPHALHIO, TTOJTY MM |

5L(R)=5L(r)+[A‘ ICWZ ? -2U"a" (sa* 2.4)

rae 4* = [ X,R*aV + ¥,RtdF

n




[image: image11.png]HetpynHo Bmzerp, YT0 IO IIOCTPOEHHI0 BBIPAKCHHSA, CTOAIMHE B KBaJPaTHLIX
CKkoOkax B (2.4) #ABIAIOTCA IO TOCTPOCHHIO HM30ICPHUMETPHUYECKMMH YCIOBHAMH,
BBITOJIHEHHAE KOTOPBIX fABJIAETCA HeOOXOOMMBIM YCIOBHEM HHBAPHAHTHOCTH BapHAIWH
JlarpamkuaHa OTHOCHTENLHO Tpeobpasosanmst (2.3). Ha sToii ocHOBe npennaraercs HoBast
mpoueaypa orpeneneHus Ko3((HIMeHTOB B MCKOMBIX Pa3JIOKEHHAX, B COOTBETCTBHH C
KOTOPO¥ B BHIPAKCHHH U1 IepBoil Bapmarwm Jlarpamkmana NOJDKHBI OBITH PaBHBIMH
HYJFXO CjlaracMble TP BapHalpix no Kodddmmmenram pasnoxermi Ilpm stom
BapHAIMOHHbIe ()OPMYIHMPOBKHM 33/1a4 B TEPMHMHaX R H 7 IOJHOCTBIO COBIIA/IAIOT, AMEET

MeCTO HMHBapM3HTHOCTh B YKa3aHHOM cmbiciie. OmnpenemuM TeH3op 00600meHHBIX

nogaTmsocreit U™ yepe3 TeH30p 0600meHHbIX KeCTKOCTeH , KAKOBBIMMA MO)KHO CHHTATh
semmumast U ™

U™y = 5m
Toraa NpHpaBHABAA HyJIF0 MHOYKHTEJTH TIPH BapHALAAX oa* , MO>KeM TIOJIy4UTh
n 1 k &a mk ——nk
a"=-| 4 -[C,, aa (2.5)

IToncrasisia HaiimeHHble Kod(QduimeHTs: ¢ noMompr (2.5) B BslpakeHHe It
nepeMeineHuit (2.3), 3anmmem

nﬁ”m &‘a ﬁ%’,ﬂ T nﬁnm m
R=|n-R'= ICW% a W |tR (2.6)

CoorHomenwue (2.6) npuMedaTensHO MO pAdy NPHMMH. Bo -TIepBhIX OHO HaeT pa3ioKeHue
repeMerieHuid B BHe MPAMOM CyMMBI ABYX (PyHKIMOHANBHBIX NOAIPOCTpaHCTB. OMHO M3
HHX OINpEAe/ICHO COBOKYITHOCTBIO 3a[aHHBIX KoopawHatHeIX ¢yHKIpE R”( B oOmem
Cliyyae HEOPTOTOHAJIBHBIX M HE HOPMHPOBaHHBIX). BTopoe moANpoOCTpaHCTBO ABIAETCA
3aMbIKaHHeM TmepBoro. CyImecTBeHHO, 4TO CKaJfpHOE TPOM3BENEHHE, OMpeNelIeHHOe
paHee B 3HEPTETHYECKOM IPOCTPAHCTBE, JEOOBIX GYHKIWI M3 STHX MOMNPOCTPAHCTB PABHO
HyJIIO, T.€. OPTOTOHAJILHEI B YKa3aHHOM CMBICIIE B IHEPreTHYECKOH HopMe. Bo- BTOpPBIX,
Kak ClieficTB e, m3 (2.6) cienyeT paBeHCTBO:

1 R, R} 1,
EJ'C,,M Ek_;—éc_;dV=EA 2.7)

g Toro, 4yroOBI €ro NOJIyYHTh NOCTATOMHO HaiTH m3 (2.6) rpagmeHT Bekropa R,
COCTaBUTh CKAJAPHOE NPOU3BEICHHE [R,R"] ¥ BOCTIOJIb30BaThCA COOTHOIIEHHEM (2.6)

¢ yderoM ompeneneHHa o606menHoi noxaTmsocTH. MckmoumM Temepp M3 paBeHCTBa

(2.6) Bemmummy A* ¢ momomsio cooTHOmeHw s (2.7). B pesynsrare momyumM crenyromee
Ba)KHOE BBIpa)kKeHHE:

nm

U R, R T A, R (28)
R-R 2 Icaﬂr5 @Cﬂ & dV=r,-R 2 .[Cuﬁrﬁdcﬁ s ar

’

72




[image: image12.png]MexaHHKA KOMIO3HIMOHHBIX MAaTEPUAIOB ¥ KOHCTPYKIHI ToM 3, Ne3. 1997 r.

Hcnos3ys (2.8) nepermmem coorHomeHHe (2.6) OKOHYATEIHFHO B CISAYIOIIEM BHIE:

n Z]_nm ﬁz&l m"m n Unm m_p " "
R =|R - R == C,ps eV | R AT =R R 29)
U _ ymg’
2
o n l—]—nm a}aa ﬁlgm
3meck, oueBAHO, R; = R, — R] chaﬂrﬁ o’}c_ﬂ;’}édV'

Dta ¢opMyna ompenenieT MCKOMOE pPa3IOKeHHE pPEIICHHA W ABIAETCA ONHHM M3
OCHOBHBIX pe3yJbTaTOB [aHHOIO pasfena. BakHO OTMeTHTb, UYTO KO3()(HLIHEHTHI

nm

—
Pa3IOKeHUA A" =a B (2.9) Haxo#ATCA TONBKO IO HM3BECTHBIM KOODIHMHATHBIM

2
¢yHKIIMAM C TIOMOIIBI0 MHTETPHPOBAHMA N0 00BEMy M IOBEPXHOCTH, ABHBIM 00pascm.
Bemmuna, cToMmmas B KBaApAaTHBIX CKOOKAX, SABIIETCA HOBBIM OIPENE/ICHHEM BEKTOPa
NMOTPEINHOCTH MCKOMOTO peIIeHMd, KOTOPhIH II0 IOCTPOSHMI0 BCETAa OPTOrOHAJIEH
MPOCTPAHCTBY 3a/IJAHHBIX KMHEMATHYECKHX cocrosMi R”. Taxum o0pasoM crnpasenuso
ClleNyIoIee yTBepP KIeHHE:

Teopema 1. ®ynkmmm R;, OnpeienMmoOmMe KOMIOHEHTHI BEKTOPa TIOTPEITHOCTH,

OPTOTOHAJIbHBI KaKAOH U3 KOOPJAMHATHBIX (YHKIMH B HOPME IHEPreTHYECKOro
MPOCTPaHCTBA!

D k
[R.R]=[c, %%dV =0 (2.10)
J

J.IOKaSaTeJII)CTBO HETMIOCPEACTBEHHO CHIEAYCT W3 ONPECACIICHUA R; AOCTAaTOYHO

TPOBECTH OYeBUAHBIC BbrMMCIeHMA. ClenoBaTellbHO BEKTOP-(QYHKIMA HOrpemHocTd R
OPTOTOHAJIEH BEKTOPY, IOCTPOEHHOMY KaK JIMHEHHAS KOMOMHALIMA KOOPAMHATHBIX
BEKTOP-(YHKIMI (3aJaHHBIX KMHEMATHYECKHUX COCTOSHIIA). Ecm pasioKeHue

~n
HCKOMOT0 pemeHMI ¢ Ko3(GHUHEeHTaMM a CUYMTaTh NPHUOIIDKEHHBIM pPEUICHHMEM, a

BEJIAYHHY R B (2.9) moOrpemHOCTBI0 3TOFO0 PEMEHHA, TO IPETOXKCHHBIA aJTOPHTM
obecrieyMBaeT HAWIYYINYI0 ATMIPOKCHMALIAIO, T.K. BEKTOP-QyHKIMA OIIHOKH BCerma
HAXOOHTCA B OPTOrOHAJBHOM IIOANPOCTPAHCTBE K NPHUOMIDKEHHOMY peINEHHIO.
Crenyromee BaKHOe CHENCTBHE OTHOCHTENbHO 3a7aHHOM cHcTeMbl GyHKmpmii R,

cucTeMbl  (yHKImA R m OPTOTOHATHHOTO  IOANPOCTPAHCTBA, ONpeAe/eMoM
paBeHCTBaMH (2.9), HEOCPENICTBEHHO BBITEKAET M3 CBOHMCTBA OPTOTOHAIBHOCTH (2.9).
Jlemma 1. JlarpamkuaH HMHBapHAHTEH OTHOCHTENBbHO mpeobpaszoBamma  (2.9)
J0Ka3aTenbCTBO JIEMMBI CICAyeT U3 BBIpAKEHMA UM GyHxkimoHana Jlarpamxka,
32MHACAHHOTO C MOMOIIBI0 COOTHOIEH:MA (2.9)

[
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[image: image13.png]L(R)=L(R)-a [C,, ‘Z:" ZCR’ dv +
B J

—mk

+[A"E" —U'""E"E"‘] =L(§)+[A" U”"'a"U—A"} (2.1D

= L(R)+—;—A"c—z" = L(1—2)+%A”A"'ﬁ"m

W3 pasencts (2.12) cmenyer, uro JlarparkuaH I KaXIOM M3 IBYX YKa3aHHBIX CHCTEM
(yHKIWI OTIMYAIOTCA HAa TOCTOAHHYI0 BelMumHy (T.K. cucTeMa (yHKumMit R, saBnsercs
anpHOpH 3aJaHHOM), a 3TO W O3HAYAeT MHBAPHAHTHOCTb. OTCION3, B YaCTHOCTH, cpasy
CIIeyeT, YTO €CJH U1 HEKOTOPOM CHCTEMBI KMHEMATHYECKHMX COCTOAHMI OmMOKa paBHA
HYJIIO, TO COOTBETCTBYIOIIEE PA3/IOKEHHE IO 33JaAHHOM CHCTEMe KOOPAHHATHBIX ()yHKIHIA
AaeT TOYHOe pemeHHe mpoGieMbl Teopum ympyrocTH. JlokakeM ganee  pAn
BCLIOMOTAaTeMbHBIX, QYHKIMA R, HO Ba)KHBIX JIeMM, KaCalOIIUXCA Pa3NIOKEHWH 10

3ajaHHOM cHcTeMe QyHKIGIH R, BCeX BENMYMH, ONpeNeOIHX (OpMaabHOE OIHCAHHE

cpen Ha 6a3e BapuUaIOHHOrO MpHHLENA Jlarpamka.
Jlemma 2. O65eMHEIE B TIOBEPXHOCTHBIE CHUIBI MPECTABIIOTCA B BHAE PAa3JIOMEHMIA IO
CHCTEME 33/IaHHBIX M NOIIOJHEHHH K HUM (TIOCIeHHE MOTYT TPAKTOBATHCA KAK HEBA3KH B
Pa3IoKEeHMAX YCHINET) B OPTOTOHANBHBIX MOANPOCTPAHCTBAX K 3THM CHCTEMAM.

Jl14 ToXa3aTeMbCTBa PpACCMOTPHM YPaBHEHHE PaBHOBECHS

O°R,
C“””o’}c@c+X =0

npeofpasyeM €ro, BOCIOJB30BAaBIIHCH pa3ioxkeHdeM (2.9). B pesympTare ypasHeHHe
paBHOBECHI MPeoOpasyeTca K BUAY

IR, —ml O'R, R, R}
Copy—2+| X,+U" =C Come = =—2-dV |=
W&k, | “ﬁ’f@cﬁo’x,j &, &,

Iocnenree ypasHeHHE OMPEAEIAET Pa3IoKeHHE 06 BEMHOM HATPY3KH

. 2
X,=%-C,, 2R ”

—— A" 2.12
W By, 2 (2.12)

— o &°R R, R
rme X, =X,+U —C —=1\C A av
AEATY g “ﬂ”a‘xﬁacjj % o,
CoBepmeHHO aHANOTHYHBIM IIyTEM, PAacCMATPHBAs CTATHMECKHME TPAaHHYHbBIC YCIOBMA,
MOy YHM

R U™ .
Y, =Y +Cppn, 2 4" (2.13)
&, 2
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Ocranoch MAOKa3aTh, 4YTO CHCTeMa Harpy3ok X,, Y, He cosepmaroT paGoThl B
KHHEMAaTHYECKHX COCTOAHMAX R, . [leficTBUTENBHO, ¢ yaeToM (2.12), (2.13) 3armmem

2
[X.RtdV +§Y .RtaF _I{ aﬂy;; UTA’”JR,"dV+

+§(Y -C jnj@g—A"'J&*dF=
ékﬂ

A - [C, ORe R U™ n_ o gV gn
&y O, 2 2
=A4"-6"4" =0
JlemmMa nexasaHa.
Jlemma 3. JliiA 3a/1aHHOM CHCTEMBI KMHEMATHIECKHX COCTOAHHN R} cuctema (bymcmm m3

OPTOTOHANBHOTO MOANPOCTPAHCTBA, ONpene/ieMas paBeHcTBamu (2.9) He coBepmaer
paboTBI Ha TIMaBHBIX YaCTAX pasiokeHmil ycwmmii(2.12),(2.13), pacopemeneHHsIX B
HCCIIeAyeMOM 00eMe K Ha TIOBEPXHOCTH, ONPELe/IeMBIX PaBEHCTBAMHI

(2.14)

X'=-C éﬂR‘:—
PO ek,
R
Y'=-C _n,—~
i afilj’” j @Cﬂ

T.€. CIIPaBEIMBO CJIEAYIOIIEee PABEHCTBO

[ X7 Rav +§¥ RidF =0 (2.14)
JI0Ka3aTeNbCTBO JIEMMBI CIIEAYeT U3 TeOpeMsbIl H CIIeqyIoIMuX PaBeHCTB
[ x7Rav +$¥" RaF =
FR; R+ R 3R,
jcaﬂjo,k 2 Jng+§caﬂjnj&k RdF = jc,,,,,a,k %, =0

Jlemma 4. HeBaska B pasyiokeHHAX HATPY30K B 00beMe H Ha MOBEPXHOCTH OPTOrOHAIBHA
cHCTeMe 3aJaHHBIX KHHEMATHYECKHMX COCTOSHWIL, T.e. pabora 3amaHHOM CHCTEMEI
KMHEMAaTHUIECKHX COCTOSHHMI Ha OCTAaTKaX B Pa3IokKeHMM HArpysok (2.12), (2.13) pasna

HYJII0
[X\RiaV +§Y.RIdF =0 (2.15)

JIoKa3aTeIbCTBO JIEMMBI aeTCA paBeHCcTBaMHu (2.12)

Jemma 5. /i1 COCTaB/IMIOIMMX BEKTOPOB NEPEMEIMEHMH H HATPY30K, IPENCTABHMEIX B
dopmMe pa3nokeHHH IO 33JaHHON CHCTEME KHHEMATHYECKHX COCTOSHMI CIpaBexINB
aHanor reopemst berty, T.¢€.
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rae BempuuEbl 2U ™ onpeneteHb! paBeHCTBaMH (2.2)
1 noKa3aTenbCTBa OCTATOYHO BOCIIOJIb30BATBCA OIpeneNieHHeM BXomamux B (2.16)
BeaumuuH. B pesymbTare Halimem:

[X7Rrav +§¥"RrdF =

'R aR;
Copy =2 RI'AV +4§C pn, —=R"dF =
=~JCan X,k $Cenr X,

n m
= [Coy ZCR ‘;CR' dv =20

8
JlemMa noxa3aHa.
JlemMb1, HOKa3aHHbIE BbINE, MO3BOLIOT chopMyIHpoBaTh Gojiee obmee yTBep)KOeHHUE
OTHOCHTEIHFHO MpPEIaraeMoro aJIrOpUTMa TpEeACTABICHWA PEMeHHA HCXOMHON 3amaqu
TEOPHMH YIPYrocTH B  (opMe pasiokeHWi 10 KOOPAMHATHPIM  (PYHKIHAM
(XMHEMATHIECKHM COCTOAHHAM) M CBOMCTB 3THUX PAa3JI0>KeHHMIH.
Teopema 2. I 33024 TEOPHH yNPYTrOCTH IPU CTATHYESCKHUX I'PAHMYHBIX YCIIOBHAX U IPH
CMEIIAHHBIX TPaHWYHBIX YCIOBHSX, HO ONHOPOIHBIX HA TOH YAaCTH IOBEPXHOCTH T
3afJaHbl IIepeMEINeHNA TPEACTaBJICHHE WCKOMOIrO peireHua B (opMe pasioKeHHA I10
CHCTeMe 3aJaHHbIX KOOPJMHATHBIX (hyHKITI, a TakoKe COOTBETCTBYIOINME Pa3IOKEHHA LT
BHEIMHMX 00bEMHBIX M MOBEPXHOCTHBIX YCHIMH M Pa3JIOKeHHA 1A pabOThI ITHX yCHIHIA
HA HCKOMBIX II€PEMEINEHMAX ABJIOTCA ONHOTHITHBIMH, a MMEHHO. OCYIIECTBILIIOTCA C
OTHAMH ¥ TEMH Ke K03 () HIIHeHTaMK pa3I0KeHUIL

J1a HOKa3aTenbCcTBa TEOPeMbI PACCMOTPHMM CHAYalla BBIPAXKEHMA, ONpEAeIAIOLIHE

Pa3IoKeHHT 00BEMHBIX H MIOBEPXHOCTHBIX yermwit (2.12), (2.13) u nepenmmeM UX B BHIE

X, =X +X] A"

Otcrona, uMes BBHIY, YTO TA"' =a cpasy moiy4aeM TpebyeMble COOTHOIIEHHA
X =X, +X"a"
Y,=Y,+¥"a"

HerpynHo moka3sats, 4To pabora A 3ammchiBaeTcs B aHAJOrHYHOM BHAe. Jl0CTATOYHO
y4ecTh ieMMy 2 B teMMy 3. B pesympTate momyunm

-[fPRaF + [X Rav]|+ 4a" = A+ 4a"

YTO B TPpeOOBaIOCh JOKA3ATD.
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3. O IPHMMEHEHHH PA3JIOKEHUI 10 KHHEMATHYECKAM .
COCTOAHMAM I DOCTPOEHUS IIPUB/IOKEHHBIX PEINEHAN
IPUKJIAJHOU TEOPHA YIIPYT'OCTH.

IIpuBeneHHBI BBHOIIE AJTOPHTM IOCTPOEHMA PAa3JIOKCHHMA HUCKOMOTO PELICHHs IIO
3a/1aHHOH CHCTeMe KOOPAMHATHBIX ()YHKIMII 00ecreunBaeT BO-TIEPBBIX OPTOrOHAIBHOCTD
BEKTOP-(yHKIMHK NOTPEeNTHOCTH K MOAIPOCTPAHCTRY, ONpeIeeHHOMY 3aAaHHOM 0a3HUCHOM
CHCTEMOM KHHEMATHIECKHX COCTOIHHMIL a BO-BTOPBIX JaeT 3aBHCHMOCTH ULl HAXOXKICHHA
K03 duieHToB pasiIoKkeHHH. B pesynmpTaTe IOCTpOeHMI NPUOIDKEHHOTO peIIEHMS
CBOAMTCA K IIPAMOMY BBIYHMCIICHHIO HHTETPAJIoOB I10 00beMy, 3aHIMAaeMOMY YIIPYTHM TeJI0M
1 TI0 TIOBEPXHOCTH, OTPaHHYMBAIONIEH 3TOT 06beM. Bece 3TO nenmaer M3NOKeHHBIE BBHINIE
Pe3yIbTaThL, IPHBICKATEILHBIMH I IIOCTPOEHMA MPUOIIDKEHHBIX PEIEHMIA TP MKJIa JHBIX
3amad Teopun ynpyrocty. Ilpu stom dopma ob6macTy u XapakTep aHM30TPOIMM CBOMCTB
cpensl MOKeT OBITh MPOM3BOJIBHBIM, a4 A/JTOPHTM IIOCTPOSHHA NPHOIFDKEHHOTO PEIIeHE,
OCHOBAaHHBIM Ha HCIOJBb30BAHMU HEPTeTHYECKOH HOPMBI NaeT GOJbINME BO3MOKHOCTH
A1 06006ImeHns NpemyIaraeMoro I0AXoAa, M0G0 IOCTATOYHO JHING CHOPMYIHPOBATH
JATPAabKHAH M BOCIIONB30BaThCA [UIA HAX0XKACHHA K03()(HUIMEeHTOB TeMu ke dopMyTaMu
(2.5),(2.9). 3mecs B mOTONHEHME K H3JIOKEHHOMY 1pe0yercs OIPeneNHTh BEIHYMHY
TIOrPEeNIHOCTH TPHOMIDKEHHOTO peHIeHHMA, KOTOpasi Obl MO3BOJAIA OLEHHMTh CTENCHb
0m30cTH NPUOMDKEHHOTO PEIICHHA K TOYHOMY M JOIyCKaja Obl JOCTATOYHO MPOCTOE
BBMMHMCIICHHE. B KauecTBe TaKOi BEMUHMHELI BBEIEM CIIEIYEOMIEE BHIPAKEHHE:

A= 4, X, X,av +B,[YY,dF (3.1)

H3 coobpaxkeHmii pa3sMepHOCTH K03 ¢mieHTs! B NpeacTasiaeHH (3.1) MOKHO BBECTH B
cnenyromem sune: 4, =V, n B, = Fo,.

HetpynHo BHueTh, YTO €CiA pa3iio’KeHHe MCKOMBIX IepeMeINeHMi 110 3aJAHHOM CHCTEMe
KHHEMATHYECKUX COCTOAHMH R yHOBNETBOpAET CHCTeMe YpaBHEHMIT PABHOBECHI M

IpPaHMYHBIM YyCJIOBHAM HAa MOBepXHOCTH, TO A=0. Ecnm He BbmIOMHAETCA I
Pa3NoKEeHHA TepEeMEIeHHI TOYHO IPaHUYHOE YCIOBHME, TO MHTETPA 1O MOBEPXHOCTH B
paseHcTBe (3.1) Oyner He paBeH Hy/IO, OTpeeid IOTPENTHOCTh BHINOHEHHUA IPaHHYHBIX
ycnosuil. Takasd cWTyanmd BO3HHMKA€T KOTJa B KadecTBe 3aJaHHBIX KHHEMATHUYECKHX
COCTOSHMH NMPHHAMAETCSA TI0JIe IIEPEMEIIECHHI NOCTPOCHHAA ¢ TPHUBJICYEHHEM OAHOP OHBIX
PEIIEHMH, YIOBIETBOPAIOIMX YPABHCHHI0 BHYTPH O0IACTH M YaCTH T'PAHHYHBIX YCIOBHMI
[3-5]. I Taxmx 3amad4 npeUIoKESHHBIN aITOPUTM OKa3bBaeTcsa BecbMa 3QdexTuBaemM. B
TPHIIOKEHMAX YAOOHO Tafke, UTOObI BHIOpaHHBIC B Ka4yecTBe KOOPIAMHATHBIX (yHKIIHEA
KfHEMATHYECKHE COCTOAHMA 00pa30BBIBATM OPTOTOHANIBHOE CeMeHCTBO (yHKImiL Jlerko
BUIETh, YTO J00as 3aJaHHAA CHCTEeMa KHHEMATHYECKHX COCTOSHHM MOXET OBITh
npeo0pa3soBaHa B OPTOTOHAJBHYI0O CHCTEMY B pPacCMaTpHBAEMOM 3HEPIeTHYECKOM
MPOCTPAHCTBE IIYTEM IOCIENO0BATELHOTO NMpHMEHeHMA mpencrasieHud (2.9). B umcmo
33JaHHBIX KHHEMATHYECKHX COCTOAHMH B pasnokeHmax (2.9), BeposTHO, ciemyeTr
BK/IIOY4Th COCTOSHMA, IIOCTPOCHHBIE B paszmene 1.2 M COOTBETCTBYIOmIME IIpH
TCMIIEPATYPHOM HATPY)KCHHMHM JIMHEHHOMY 3aKOHy pacIpelle/leHHA TeMIIepaTyp o
KOODJHHATAM, a4 TAaKKe KHMHEMATHYECCKHE COCTOSHUA, ONpPENeMIOmMEe B TIJABHOM
HAIIPsUKEHHOE COCTOAHME B 30HAX KpaeBoro 3ddexra (1.10)-(1.12). B o6mem ciyyae mpu
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coobpaxermavu. Hanpumep, nosydeHubie B pabotax [6,7] o6mue TpeGoBarua K BBIOOPY
KOPPEKTHOM KMHEMATHKE DY IIOCTPOESHHMH NPHKJIA/HBIX TeOpHii IUIACTHH H 0007104eK 13
KOMIIO3WIIMOHHBIX ~ MATEDHAJIOB, [AlOT OCHOBAHHME  HCIOJb30BaTh  CIIEAYIOIIHE
IpeacTaBIeHUs [IA [lepeMelIeHH I B Ka4eCTBe 6a3HCHBIX KHHEMATHYECKUX COCTOSHHIA

e = 30 (53) + S 2)o, )
v(x,y,z) =v, +zv, (x,y) + Zli:vi (x,y)z//,. (Z)

w(x, y,2) = w,(x,y) + Z::wi (x.»)z(2)

MprdeM 1A IIACTHH GYHKIH, ONpefeliONMe pacrpefeNeHe IepeMelleH i o
y d,
TONIMHE CBA3AHBI MEXAy Cco60i cooTHomemwamu y,(z) =——. Jlma oGomouex c

dz

panMycaMel KpMBM3HBI R, # R, 111 KOPPEKTHOHM KMHEMATHKH MNOJDKHBI BBITIOJHATH
COOTHOLICHUS:

Ey b _
(1+R1)¢i Rl xi

2 Y
(1+R2)Wi R, X

ITia mosoroii oGosouku [7] crenyer npusaATs @, =2' W, =z', 1, = 2'
B HampasJieHAM KOOPIMHAT X,) BHIOOP KOOPIMHATHBIX (yHKLIMH B 1OCTATOYHOM
CTeDEeHH IIPOU3BOJICH.

Pa6oma evinonnena npu gunarncosoii noooepoicke epanma PODU (Ne 96-01-01236)

JAK/IIOYEHUE

IIpeiosxkeH HOBBIA ANTOPHTM NPEACTABJICHMA pEMeHHd HCXOMHOH mpobiemsl
TEOPHH YIPYTOCTH, TEOPHH IUIACTHH M 0005104eK B (JopmMe pa3ioKeHMiA IO 3a/aHHbIM
KMHEMAaTHIeCKMM COCTOSHHAM, KOTOPBIH IO03BOJET ONpeneliTh Kod(HIWMEHTH B
pasNoKeHMAX B SABHOM Bume. JiiA peanusalii airopuIMa JOCTATOYHO 3a7aTh
JlarpamxuaH ¥ IPOCTPAHCTBO KOOPIAMHATHBIX (yHKIMiH (KMHEMATHIECKMX COCTOAHMH). B
3TOM OTHOINGHMM TMpeIaraeMplii MeTOJ peIIeHMd TNPHKIANHBIX 3a4a4 ABJLAETCA
DOCTATOYHO OGMMM H TIPHTOAEH 1A TOCTPOECHHA NpHOIKEHHBIX pPEINEHMH TeOpHil
IUIACTHH ¥ O00O0JIOYEeK BBINOJHEHHbIX M3 MATEPHANIOB C YCIOKHCHHBIMHM CBOMCTBaMY,
HATIPHMEP, C Y4eTOM CBA3HOCTH MEXAHHMYECKHX M Pa3JMMHOTO pona GH3MYecKuX MOJeH
Kpome Toro mpemmaraeMsii croco0 NpENCTaBICHHA PEMICHHA SABIAETCA YAOOHBIM
MHCTPYMEHTOM [UIA TOCTPOCHHA NPHKIAMHBIX MoOjened nepopmmpoBaHmMi, KOrAa B
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Ka4decTBe HAYaJa OTCYeTa NPHHUMAETCd HEKOTOpPOe ampHOPH 3aJaHHOE HATIPSKEHHO-
nehOpMHPOBAHHOE COCTOTHHE,

|\ I

)
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