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AHHOTALMUA

[Monmy4eHsl ypaBHEHUS COBMECTHOCTH JMJSl CIUITAaBOB € J(PQEKTOM mamsTh (OPMEI,
MPETEPIIeBAIINX TEPMOYNpyrue (Ha3oBble TMEPEeXOJbl IPH H3MEHEHHH TeMIepaTyphl
W HaNpsHKEHHOTO COCTOSHHWA. 3ajada pacCMOTpeHa B T€OMETPHYECKH JHHEWHOW IMOCTaHOBKE
Ha OCHOBE OJHOKPAaTHO CBA3HOW MOJEIH TEPMOYIpPYroro Ae(opMHpOBaHHS CIUIaBOB
C TaMATHIO, YUWTHIBAIOLIEH BIMSHUE HAIPSDKEHHOTO COCTOSHHUS Ha TeMIlepaTypbl Hadana
1 OKoHYaHWs (Ha30BBIX TpeBpamleHHil. B paMkax maHHOW Monenn TeMIieparypa B 00O
MOMEHT JIeOPMUPOBAHMS MpEIIoNaraeTcst 3aJaHHOM  (QYHKIMEHW POCTPAHCTBEHHBIX
KoopAuHAT. TeH30p JMHEWHOW NedopMaliuyi MPEACTaBICH B BUJAC AJJUTHBHOIO Pa3JIOKCHUS
Ha IIapOBOH TEH30p YNPYTroi U TeMIepaTypHOH NedopMalliy, IEBUATOP YIIPYTroi AedopMamun
u neBmarop (asoBoit gedopManii, COOTBETCTBYIOIICH TMpAMOMY WJIH OOpaTHOMY
MapTeHCUTHOMY Tiepexony. C Ipyroi CTOpOHBI, BBEICHO aJIUTUBHOE PA3JIOKEHUE YKa3aHHBIX
TEH30POB Ha HAKOIUICHHYIO JeOpMaliio U Majloe MPUPALICHUS, TIPH 3TOM TEH30p CyMMapHOU
HAKOTJIEHHON nedopMaIi MpearnosaraeTcsl yIOBIETBOPSIONIAM YPaBHEHHUIO COBMECTHOCTH.
Manoe mpupameHue naeBmaropa  (a3oBod  AedopManid  OMPEACIACTCS  JIMHEHHOU
3aBHCHUMOCTBIO OT NpHUpAIICHUH JeBHAaTOpa HaNpsDKEHHsI W mapaMeTpa (asoBOro COCTaBOB —
0o0BEMHON JONMM MapTeHCHTHOW (a3bl. BrusHue ¢a3oBod quIaTalMM TMPEAIIONAraeTcs
MpeHeOpexuMo ManbiM. B cBoro odepenp, s mapamerpa (a3oBOTO COCTaBa IMOTyYEHBI
AQHAJIOTWYHbIE  JMHEHWHblE 3aBUCUMOCTH OT IpHUpallleHHl JeBuaTtopa  HaNpsDKEHUsS
U TeMrepaTypbl. Takum 00pa3oM, s CIUIaBa ¢ MaMsThIO, ONMMCHIBAEMOT'O OJTHOKPATHO CBSI3HOM
MOJIENBI0 TEPMOYTIPYTHX (Ha30BBIX IMEPEXOJI0B, MOMydeHa WHKpPEMEHTaNbHas (OpMyITHPOBKa
ypaBHEHUII COBMECTHOCTH B TpHpAIleHUsX HampspkeHnd. BeemeH TeH30p-QyHKIHSA
HaNpsDKEHUH | TIpeioskeHa (GOpMYJIMPOBKa 331a4l OTHOCHTENBHO NPUPAIIEHHUST KOMIIOHEHTOB
TEH30p-(OYHKIMHA HAPSHKESHUH.

KawueBble ciaoBa: cruiaBel ¢ 3QQPEKTOM MaMATH, NpeBpaileHus (a3oBble TEPMOYNPYTHE;
nedopmaru ynpyrue; nedopMaiui Gpa3oBbie; COBMECTHOCTH YPaBHEHUS

NEW COMPATIBILITY EQUATIONS FOR SHAPE MEMORY ALLOYS
UNDERGOING THERMOELASTIC PHASE TRANSITIONS
Zhavoronok Sergey 1.

Institute of Applied Mechanics of Russian Academy of Sciences, Moscow, Russia

) Paboma evinoanena ¢ pamxax I'ocyoapcmeennoeo 3aoanus UTTPUM PAH (nomep coc. pecucmpayuu
memot AAAA-A19-119012290118-3) npu wacmuunou @urancosoi nodoepoicke Poccuiickoeo ¢onoa
@yHoamenmanvruix ucciedosanuil (npoekm Nel9-01-00695-a).

403



ABSTRACT

The new compatibility equations are derived for shape memory alloys undergoing
thermoelastic phase transitions under varying temperature and stress state. The geometrically
linearized problem statement is used as a background together with the once coupled model
of thermoelastic behavior of shape memory alloys accounting for the effect of stress state
on the temperatures of start and finish of the phase transitions. The once coupled problem
formulation assumes the temperature to be a given spatial distribution at each point in time
domain. The linear strain tensor is represented using an additive decomposition into the
isotropic tensor of elastic and thermal strains, the elastic deviatoric strain, and the phase
deviatoric strain corresponding to direct or inverse martensite transitions. On the other hand, the
additive decomposition of the strain tensor into the accumulated strain and the small increment
is introduced, where the summary accumulated strain is assumed to satisfy the compatibility
equations. The small increment of the deviatoric phase strain is defined by the linear function
of increments of the deviatoric stress and the martensite volume ratio used as phase constitution
parameter. The effect of the phase dilatation is assumed to be negligible. Given the temperature
field the analogous linear dependencies of martensite volume ratio on the deviatoric stress are
derived. Thus, the obtained incremental formulation of the compatibility equations for shape
memory alloys obeying the once coupled model of thermoelastic phase transitions uses only
stress tensor as an unknown. The stress function tensor could be introduced for such a problem,
and the appropriate boundary value problem could be formulated for the partial differential
equation where the components of the increment of the stress function tensor are unknowns.

Keywords: shape memory alloys; thermoelastic phase transitions; elastic strains; phase strains;
compatibility equations

BBEJIEHUE

Onucanue nepopMUpOBaHUS CIUIABOB C A(PQPEKTOM MaMATH, NPETEpEBAIOLINX
(ha30BO-CTPYKTYPHBIC TPEBpAIICHHUS] TPU JICHCTBHM TEMIIEpaTyphl M HampspkeHud [1],
ONUpAaeTCs Ha IOCTAaHOBKY 3aJayd B IepeMelleHHsx. Takas MocTaHOBKa TpelyeT
oOpalieHuss MHKPEMEHTAJIbHBIX ONPEACISIONIMX YpPaBHEHUH, B Clly4ae OJHOKpPATHO
CBSI3HOM MOJAENIM TEpMOYNPYIHX (a30BbIX IMEPEXOAOB BBIPAKAIOIUX HPUPAIIECHUS
KOMIIOHEHTOB TeH30pa JAedopManMy C TPHPAMICHUSIMH KOMIIOHEHTOB TEH30pa
HaNpspKEHUs M IpHUpalieHueM 00beMHOM JI0NMM MapTEeHCUTHOH (a3bl, B CBOIO O4epellb,
3aBUCALIMM OT TMpHpAIIEHUuN TemmepaTypbl W HanpsbkeHui [2]. Hecmotpst Ha ToO,
4YT0 OOpalleHue OMNPEeNEeNAIOUIMX COOTHOIIEHUH OCYLIECTBUMO KakK IPH YHCIEHHOM
pemiennn [3,4], Tak W AHATUTHUYECKH, HEOOXOJUMOCTh TAKOW OIEpAIlUU OCIIOKHSICT
pellieHrne KpaeBbIX 3a7ad O JAe()OpMHpPOBAHMM CIUIABOB C MaMAThIO, MOCTaBJICHHBIX
B TIepeMelieHusx. B To ke Bpems mpH (GOPMYJIMPOBKE KpaeBOW 3a/avd,
JVHEApU30BaHHONW OTHOCHUTENIBHO NPUPALIECHUA KOMIIOHEHTOB TEH30pa HAaIpsKCHHUS,
HEOOXOAMMOCTh OOpaIlleHUsI OMNPEIENAIOIMX COOTHOLIEHUH OTCYTCTBYET, OJIHAKO
TpeOyIOTCsl ypaBHEHUSI COBMECTHOCTH JIe(OpMaIii ISl CIUIaBa C MaMAThIO, 3aIIMCAHHbIE
OTHOCHUTEJIBHO MpHUpalleHu KOMIIOHEHTOB TEH30pa HaPSKEHHUS.
Jns  (heHOMEHOJIOTHYECKOH MOJENu TEepMOYIpYTrux (a3oBbIX MEpPEXOJOB TaKue
YpaBHEHMSI JI0 CHX MOP HE MOJTyYEHBI.

IIpennoxxeHpl HOBBIE YPAaBHEHHS COBMECTHOCTH NPHPAILECHUN KOMIIOHEHTOB
TEH30pa MalblX Aedopmanuii cruiaBa ¢ namsaTbio. Ha 0aze MHKpeMEeHTaIbHOU (OpPMBI
OIIPENIENAIOIUX COOTHOIIEHUH OJHOKPATHO CBSI3HOW MOJENM TEPMOYINPYIHX (a30BBIX
nepexofoB [2] ypaBHEHHS 3amucaHbl B JIMHEAPU30BAaHHOH  (OPMYIHPOBKE
OTHOCUTEJIBHO MPUPAIICHUN IIapOBOr0 TEH30pa M JeBUATOpa HampsbkeHun. Takoke

404



MexaHnKa KOMITO3UIIMOHHBIX MaTEPHATIOB ¥ KOHCTPYKIIMI TOM 26, N3, 2020 r.

HOJy4YEeHbl YPAaBHEHHMs COBMECTHOCTH Ae(opmMaiuil cruiaBa ¢ NamsTbi0 OTHOCHTEJIBHO
MaJIbIX MPUPALICHUH KOMIIOHEHTOB TEH30P-(PYHKIIUN HAPSKCHUH.

1. OCHOBHBIE COOTHOIIEHUSI OJJTHOKPATHO CBSI3HOU MOJEJIA
TEPMOYIIPYT'UX ®A30BbBIX ITEPEXO/1OB B CIIJTABAX C ITAMATBIO

3aBHCUMOCTh OOBEMHOM J0JIM MapTEHCUTHOW (ha3bl crutaBa ¢ mamsateio ¢ €[0,1]
ot 6e3pazmepHoiil Temnepatypsl f € [0,1] onpenensiercst coornomenuem (1.1) [2,3]
g=%(1-cosmt) (0<tr<1); ¢g=0 (¢<0); g=1(z>1). (1.1)
-1
t=0(T, - T5)+(Ts - T,) sgn(Ty—T,)(Ty—T,), (1.2)
A->M: T,=M,, T.=M,; M>A: T,=A4, T.=A4,;
T,xT-as [0 +(1+v)(2E,) s, [ #3020 2E,) o'} (1)

c=41g,0", s'=0"-g'c; E,'=E,-E,
T — aGconroTHas Temreparypa, AS — pa3HOCTb IUIOTHOCTEH YHTPOITUH MAPTEHCUTHOTO
U ayCTeHWTHOTO cocTosHui, £E,,, E, — MOmymu ynOpyrocTu B IIOJHOCTBIO
mapTteHcuTHoM (g = 1) u aycrenutHoM (g = 0) cocrosiHusX, ® — pyHKuUa Xepucaiiaa.

Ornpezersironye ypaBHEHus /ULl IPUPALLEHAH TeH30pa Jepopmannn ¢, UMEIOT BUA [4]
Se; =E™' (q)[(l +v)38s, +(1- 2v)gy.8cs:| +a(q)g,0T; (1.4)
E_I(CI):E:_"qE:a a(‘]):aA+qu; Oy = 0Oy — 0Oy, (1.5)

5 0g, = 0,8q; (1.6)

[/

0 =2(2+q) [ +35,0/p,9,(c,)] (3¢>0);

o, =e;q" (8g<0); o,=\3s"s;/2; e,=¢,-16, 0=g,g"%,;
¢,(0,)=F(0,—0,)+F(o,+0,)-1, F(o,)= erf(csi /\/5)
[Ipupatenrie 00bEeMHOM 10T MAPTEHCUTHOM (ha3bl onpenensiercs Tak [4]

T_T — . . —
5= ST mq(1-g) H(Du +1Eﬂsu}53”+31;v GSG—ASST}.(IB)
A

T,-T, AS :

C yuerom (1.3-1.8) mpupamieHus MmapoBOM M JEBUATOPHOW COCTaBJISIOMICH
NpUpaLIeHus TeH30pa AedopMalui 331at0TCs CIEAYIOIIMMU COOTHOMEHUSIMH [3,4]

_QLE
881] = 68@7 + 0¢

(1.7)

A

80 = g"8e; =80 ~3(1-2v)E~'(¢)d0 +3a(q)3T; (1.1)
T.-T, AJg(l—
Se, = I+v 818" + sgn (75T, ) g (1 =) o | o+ 11s’"" s, +
NEQ T -1, Aas T E,

+(T, = T,) " sgn(Ts — T, )3nJq(1- q) (ASE,) " (1-2v) ofcdo + (1.2)
+[a(q)gij (75 _TF)_1 Sgn(TS — T, )mq(l _Q)(DﬂST'

3mecy U jgaiee el.ji. — JIeBHATOpHAs 4YacTh HAKOIUICHHOW B MPOIIECCE MPEBpAIICHUS

dbaszoBoii nedopmaruu s;; 6, s, g — BEIWYHHBI, COOTBETCTBYIOIINE HEKOTOPOMY

COCTOSIHUIO, JOCTUTHYTOMY B IpOLIECCE TEPMOYNpPYroro ¢pazoBOro mpeBpalleHus, oc,
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ds, ~— HEKOTOpbIe JOCTaTOYHO Mauible mnpupamenus. Jwmaraums (1.9) B mepBomM

mn

SBJIAETCSA TOJBKO YNPYTrOM M TEeMIIEpaTypHOMW, NPUpALIEHUE TEMIEPATYpbl B paMKax
OJTHOKPATHO CBSI3HOM MOJIENH TepMOYIpyrux (a30BbIX MPEBpaLICHUM MpearnoaaraeTcs
3aJlaHHBIM.

2. ObBOBIIEHHBIE YPABHEHUS BEJIbTPAMM JJIS1 CIIJTABA
C ITAMATBIO, IIPETEPIIEBAIOIIEI'O ®A30BBIE ITEPEXO/1bI

. .
YpaBHeHuUs cOBMeCTHOCTH Aedopmanuii mpumem B Bujie [5]: €¢’"'V, Ve =0,

MpencraBum nepopmaiuio cymmoit ¢, =& +g, 80+8e, , rae s HAKOMIEHHOM

0 ikl _jl 0
nedopMaluy €,, BBIIOIHAETCS ycI0BHE coBMecTHOCTU € €/"V Vg = 0; Torna

HgA+V,V j)se =g"V,(V 3¢, +Ve,)-Ade;, A=g, V.V, 2.1)

lj’
C yuerom (1.9, 1.10) npeoGpazyem cooTHomieHust (2.1) Kk BUay 00O0OIIEHHBIX
YPaBHEHMH benbTpaMu OTHOCUTENBHO IPUPAILEHHS ACBUATOPA HANpsDKeHus Os,; (2.2)

(1-2v) [ g,A(E™(9)80)+V,V, (E” (q)ac)} +

+(Ty=T,) sen (T, - 7,) 3n(1-2v) (aS) " {A(Vg(I = )} 0"50) -
,[v, (Va0 =968} 0"0) + v, (oI = g1 s3] |} +

+(1+V) {A (E"(@8s,) -V, [V, (E"(@)85,)+ v, (E™ (935} ) ]} +
(1T, ) sen (LT, ) {A[ g =)oy (7" + (14v) E's™)8s,,, |- (2.2)
= [vi (Va=g)o; (o +(1+v) E}'s™ )8, ) +

+V, (Ve =)ol (@0 +(1+v) E]'s™ )3s,, )}} — —g,A(a(q)8T) -

V.9, (a(@)8T)+ 7 (T T, ) sen (T ~ T, ) {A (a1 )07 ) -

—v,[ v, (JVa(=ges;57) +, (mm?fsﬂ}};

Y OTHOCHUTEJIBHO NPUPALEHUS CPEAHETO HAIPSHKEHUS OC :
2(1-2v)A(E7(q)80) -V, {(1+V) E™ (q)8s" -

—n(Ty~T,) 'sgn(Ty ~ T, )y Jq(1-q) (AS) "
X/ [GSG—%— (wf" +(1+Vv)E}'s™ )SSW }} =

= 2A((q)3T )~ (T ~T;. ) 'sgn (T T, ) V.V, («/q(l—q)coZST).

VYpaBHeHUs] cOBMECTHOCTH (2.2, 2.3) NMHEWHBI OTHOCUTEIBHO MpUpPALIEHUN OG ,
HEOJHOPOAHBI M COJEp’KAT B IpPaBbIX YAaCTAX HECOBMECTHOCTH JAedopMaruii,

(2.3)

s,
HopoXIaeMble HpHpamieHueM Temmeparypsl 07 . IlepemeHHble KOS()(HUIHEHTEI
ypaBueruit (2.2) u (2.3) comepxar ¢ynkumn ¢(7,0,s,), o, s/, o (e,f,,sk,) U UX
HpPOM3BOJHBIE, HM3BECTHBIC M3 PEHICHUS KPAaeBOW 3aJaud Ha NPEAbLAYIIEM MIare
npolecca.
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3. YPABHEHHSA COBMECTHOCTH JE®OPMAIINI CILIABA
C ITAMATBIO OTHOCUTEJBHO TEH30P-®@YHKIIUU HAIIPAKEHUSA

Onpenenum Tensop o’ =e"€"V,V,h, HUepe3 KOMIOHEHTBI TeH30pa-(hyHKIHK
Hanpsokenuid ¢, [S], Torma o=A¢-3V V 07, ¢=5g"¢,, m c yderom

s”=c" —g'c mocraHoBka 3amauM o JeDOPMHPOBAHMM CIIaBa C MHaMATHIO,
IPETEPIIEBAIOIIETO TEPMOYNPYTrue (ha30BbIE NMPEBPAIICHHs, CBOAUTCS K YpPaBHEHHUSIM
COBMECTHOCTH (2.2) OTHOCHTEIBHO NpPHpAIICHUH ckaxipa O¢ u TeHsopa OO,

B CJIEAYIOIIEM BUJIE
VoV [(1-29)E " (a)(g"g,+ 88 )+ 35(4S) (T,T5) sen (T, T ) x

xa/q 1—q)(g"o; —8/w} ~8\0") |(A50-4V,V,5¢) +
+(1+v)E™(q)("8)'8) — g"8!8) - g"88) ) + m(AS) (T~ Ty) '
xsen(T—Ty ) a (1= 9) (8" 0j— 8! o) =0 ) (ol + (1) E's™ ) | x (.1)

x[zgm (A8¢—1V,V,5¢™) - ASg,, —3V,V,80+

+8"V,(V,80,, +V,30,, )} =—,A((g)8T) = V,V, (a(g)3T) +
+1(T,-T, ) 'sgn(T,~T, )V, V, [(g"’(o;— 8o -8l )1 [q(1— q)coiﬁ*ST];
31€ech 6 = G(¢ - ) s S = S ((I) g ) YpaBuenue (2.3) npuBoautcs K Buay (3.2)
V.V, {[Z(I—ZV)E’l(q) g n(T,—T, ) 'sgn(Ty—T, ) Jq (1-q) (AS) %
xGw: (AS(I)—%Vqu&I)”” ) —[(1 +V)E ' (q)g"g" —n(T,—T,) %
xsgn (T — T, )Jq(1—q) (AS)_IO)’f (coff"+(1+v)E:Sm” )} SSmH} =
= -2A(a(q)8T)~n(Ty ~T,) " sen(T, =T )V, ¥, (Ja(1-q)o'sT ).

CraTuueckue KpaeBble ycioBusi, coorBercTBytomme (3.1), (3.2), aHasornyHbl
NPUHUMAaEeMbIM B TEOpUU YIpyroctu. DopMyIupoBKa KHHEMAaTHYECKHUX KpPaeBBIX
YCJIOBHH TP TIOCTAHOBKE 3a/1a4d O Je(hOPMUPOBAHHUH CIUIaBa C NMaMsTHIO MPU (Pa30BbIX
MPEBpAIICHHSIX B IPUPAIICHUIX HAMPsHKEHUI TpeOyeT TONOTHUTENEHOTO U3YUYeHUSI.

(3.2)

SAK/IIOYEHUE

TakuMm 06pa3om, B paMKax OJTHOKPATHO CBA3HOW MOJETH TEPMOYIPYTUX (Pa3oBbIX
MpPEBpAIlCHU  BIEPBbIE TOJYYCHBI JIMHEWHBIE WHKPEMEHTAJIbHBIE ypaBHEHUS
COBMECTHOCTH B 0000meHHON (opme benpTpamu nns criaBa ¢ maMaTbio (HOPMBI
OTHOCHUTENILHO TPHUPAIICHUN MIapOBOTO TEH30pa M J€BUATOpa HAIPSIKEHUS, a TaKkKe
JMHEHHbIE WHKPEMEHTAIIbHbIE YpaBHEHUS COBMECTHOCTH OTHOCHTEIHHO KOMIIOHEHTOB
NpHUpAIICHUS  TCH30p-QYHKIMM  HANpsDKEHUWs, He  TpeOyromme  oOpaimeHus
MHKPEMEHTAIBHBIX OMPEEISIONINX COOTHOIICHUN. [T0CTaHOBKY 3a/1ay B HAIPSHKEHUSX
MOTYT OBITh HCIIOJIb30BaHbl B 3aJa4aXx O IMOTEPEe YCTOMYMBOCTH TPUBUAIBLHOTO
PAaBHOBECHOI'O COCTOSIHUSI TOHKOCTEHHBIMH 3JIEMEHTaMHU € aMsThio [3,4,6,7].
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