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AHHOTAIUA

ITomy4eHsl oOpaTHbIE MHKPEMEHTAJIbHBIC ONPEACISIONINE COOTHOLICHUS U YPaBHEHHS
COBMECTHOCTH Uil cIulaBa ¢ 3(GQEeKToM MNaMsiTH, NPETEPHEBAIOLIEI0 H30TEPMHUYECKHUN
CTPYKTYPHBIH Mepexo/ MpHU U3MEHEHUH HaNpsKeHUS B MAPTEHCUTHOM COCTOSIHUU. Y paBHEHHUS
BBIBEJICHBl Ha OCHOBE OJHOKPAaTHO CBSI3HOH MOJENU TEepPMOYIPYTrux (ha30BO-CTPYKTYPHBIX
MpEBpAlllCHUd B CIUIaBaX € NaMSAThIO B TEOMETPUUYECKU JIMHEMHONW IOCTAHOBKE 3aJayH.
IIpennonaraercd, 4To B HayalbHOW TOYKE Ipolecca CTPYKTYpHOIO Iiepexona CIUIaB
MIpeJICTaBiIsIeT OO0 MOTHOCTHIO CABOMHWKOBAHHBIM MapTEHCUT NPU HYJEBBIX HANPSHKEHUAX.
B mporecce mepexonma MpouUCXOAHUT pa3aBorHUKOBaHUE. [Ipu 3TOoM (ha3oBBIA cOCTaB CIUiaBa
OCTaeTCsl IOJIHOCTBIO MAapTEHCUTHBIM, YTO COOTBETCTBYET T.H. SIBIICHHUIO MAapTEHCHTHOW
Heynpyroctd. [Ipy mocTpoeHnr OMpeAeNsomnX COOTHOIIEHU M ypaBHEHUM COBMECTHOCTH,
BO-TICPBBIX, TEH30p JMHEHHOM nedopMaluy MNPelNCTaBlIeH aJIUTHBHBIM pa3loKEHHEM
Ha TEH30p YIpPYyrou aedopManuy U JeBHATOP CTPYKTYPHOH AeOopMaIiiy, BO-BTOPHIX, BBEICHO
AJTATHBHOE PA3NIOKEHUE TEH30pPOB YNPYIOH M CTPYKTYpHOU aedopManvi Ha HAKOIICHHYIO
JeopManio M HEKOTOpble Mallble MpHpanieHus. TeH30p CyMMapHOW HaKOIUICHHOM
negopMany IpeAroiaracTcs yAOBJIETBOPSIOIINM YpaBHEHHIO cOBMecTHOCTH. llpuparienue
JeBHaTopa  CTPYKTYpHOH  nedopMmanuu  ompeaessieTcss  JIMHEHHOW — 3aBHCHUMOCTBIO
OT TIpHpaIleHHus WHTEHCHBHOCTH JeBHATOpa HampspkeHus. [lpuparnenune aunaTanuu
NOPOXIAeTCs  TONBKO  ynmpyruM  jaedopmupoBaHueM. llomyueHa — JmHeapH30BaHHAs
OTHOCHUTENFHO MPUPALICHUI TEH30pOB CyMMapHOH JedopManiy 1 HanpsokeHus: Gopma 3anucu
MHKPEMEHTAJIbHBIX OIPEJEIAIONMX COOTHOILIEHUH, aHAIIOTMYHAsI YPaBHEHUAM 3aKkoHa ['yka s
AHU30TPOITHOM  Cpeabl, IPUYEM MIHOBEHHAs AaHU30TPOIMS  OIMCBIBAETCS  TEH30pOM
CTPYKTYPHOW MOJATIMBOCTH, MPEACTABISIOMNM co00i OMIMHEHHYI0 (QYHKIMIO KOMIIOHEHTOB
JleBuaropa HanpspkeHus. [loiaydeHbl HOBBIE MHKPEMEHTAIBHBIE YPAaBHEHUS COBMECTHOCTH
B popme benbrpamu.

KarwueBblie ciaoBa: cruiaBbl ¢ 3h(eKkToM maMsTH; TPEeBpalleHus] CTPYKTypHbIE; AedopMaryn
ynpyrue; aeopManuu CTpyKTypHbIE; YpaBHEHHUS ONPEAEIISIONINE; COBMECTHOCTH YPaBHEHHUS

INVERSE INCREMENTAL CONSTITUTIVE RELATIONS
AND COMPATIBILITY EQUATIONS FOR A SHAPE MEMORY
ALLOY UNDERGOING STRUCTURE TRANSITIONS
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ABSTRACT

New inverse incremental constitutive relations and compatibility equations are derived
for a shape memory alloy undergoing the stress-induced isothermal structural transition in the
entirely martensite phase state. The once coupled model of thermoelastic phase and structure
transitions in shape memory alloys together with the geometrically linear statement of the solid
mechanics problem is used as a background. The initial state of the alloy under vanishing
stresses is assumed be entirely twinned martensite. The structural transition consists in the
untwining of the crystalline structure of entirely martensite phase constitution (so-called
martensitic inelasticity phenomenon). To derive the constitutive equations and the appropriate
compatibility equations, first the additive decomposition of the linear strain tensor into a sum of
the elastic strain tensor and the structural deviatoric strain introduced; secondly the additive
decomposition of the aforementioned tensors into sums of accumulated strains and some small
increments is used assuming that the summary accumulated strain satisfies the compatibility
equations. The structural deviatoric strain increment is defined as linear function of the
deviatoric stress increment while the summary dilatation is resulted by only elastic strain. The
obtained new compatibility relations are linearized with respect to both strain and stress
increments and similar to the Hookean law for anisotropic elastic media where the instantaneous
anisotropy is resulted by the structural compliance tensor being a bilinear function of covariant
deviatoric tensors of accumulated stress. The new compatibility equations for the stress tensor
increment are obtained accordingly to the Beltrami form. Finally, the stress function tensor is
introduced and the appropriate formulation of the Beltrami equations for the stress function
increment are derived.

Keywords: shape memory alloys; structure transitions; elastic strains; structure strains;
constitutive equations; compatibility equations

BBEJIEHUE

B GonbImHCTBE cily4aeB pelleHHe KpaeBbIX 3a/1ad O JAe(hOpMUPOBAHUM CIUIABOB
¢ mnamareio Qopmer (CIID), moaBEepKEHHBIX TEIJIOBBIM M CHJIOBBIM BHEITHUM
BO3/ICHCTBUSAM U IPETEPIEBAIOIINX (a30BO-CTPYKTYpHBIE TpeBpatieHus [1], onupaercs
Ha BBEJICHHE B KAueCTBE HEU3BECTHBIX KOMIIOHEHTOB BEKTOpa mnepemenicHus [2-4].
IIpu TOM B paMKax OJHOKpATHO CBS3HOW (heHOMeHojoruyeckon monenu [1] moryt
OBITb TOJNY4YEHBI TOJIBKO Ju(depeHInanbHble  ONMPEesSIONNUe COOTHOIIEHUS,
CBSI3bIBAIOIIME Majible MpUpAlIeHus Kak (a3oBbIX, TaK M CTPYKTYPHBIX JedopManuii
C TpUpAIICHUSIMH MHTEHCUBHOCTH TEH30pa HANpsOKEHUs U O0O0bEeMHOM  j07H
MapTreHcuTHOM (as3pl. [locnmenHee, B CBOIO ouepenb, 3aBUCUT OT MpHUpAIIEHUI
MHTEHCUBHOCTU HampspkeHus U Temneparypbl [2]. COOTBETCTBEHHO, pellleHue 3aaady
B TEpEeMELICHUSIX MPUBOJUT K HEOOXOIMMOCTH OOpalleHUs] HWHKPEMEHTaIbHBIX
OTpEACNSAIONUX  YpPaBHEHUH — YHCIEHHO B  KaXJOW TOYKE JHarpaMMbl
nehopMHUpOBaHHsS TNPH KOHEYHO-JIIEMEHTHOM JUCKpeTH3auuu 3amauu [3,4], mmbo
AHAJIMTUYECKH, YTO 3aTPyIHSAET pemeHue kpaeBbix 3agad st CIID, moctaBieHHBIX
B IepeMenieHusx. B 1o ke Bpems (GopMynupoBKa KpaeBoil 3ajauu Ui MpUpALICHUR
KOMIIOHEHTOB TEH30pa HaNpsDKeHUs T03BOJIAET M30€XkaTh OmNepaluu Oo0paleHus
MHKPEMEHTAJIBHBIX ONpEACISAIOMNX YPAaBHEHUH, OHAKO MPUBOJUT K HEOOXOAUMOCTH
noctpoeHnss g CIID ypaBHEHMII COBMECTHOCTH, 3allMCaHHBIX OTHOCHUTEIBHO
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NpUpaleHus TeH30pa HanpspkeHus. Takue ypaBHEHHs MOIydeHbl Ha O0ase moxaenu [1]
I ciaydas oOpaTHoro (a3oBoro mepexoma B padorax [5,6]. B manHoi pabote
NPE/JIOKEHbl WHKPEMEHTAJIbHBIE ONPEACISIONINE COOTHOIICHUSI M COOTBETCTBYIOLIHE
UM ypaBHeHUs benbTpamu Juisl mpupalieHuil KOMIIOHEHTOB T€H30pa HANpsKEHUs WIH
NpUpPALICHUS KOMIIOHEHTOB TEH30p-(YHKINU HANPSHKEHUS B CIydae M30TEPMHUECKOTO
cTpykTypHoro mnepexoaa B CII®, HaxoxsdmieMcs B IOJHOCTBIO MapTEHCUTHOM
COCTOSIHUM (T. €. JUIs ABJIEHUSI MapTeHCUTHOU Heyrnpyroctu CIID).

1. ”THKPEMEHTAJIBHBIE OITPEJAEJAIOINUE COOTHOIEHUSA
JJIsA CII®, ITPETEPIIEBAIOIIEI'O CTPYKTYPHBIE IIPEBPALIIEHUA
B IOJIHOCTBIO MAPTEHCUTHOM ®A30BOM COCTOSAHUUN

ycts VeR®, V=V®OV - nekoropeiii o06nem CII®, naxopsmmiics
B TOJHOCTBIO MapTE€HCUTHOM COCTOSIHMH, T. €. VM eV q(M)El B COOTBETCTBUHU
C ompeecHreM mapaMerpa $pa3oBoro cocraBa Kak 00beMHOMN 10 MapTeHcura [1,2],
4TO COOTBETCTBYET BbIMONHEHHIO ycioBuii (1.1) B HayambHOM TOYKE MpeBpAICHUS
T=1,

Gij

=0, T,=T<M,, (1.1)

=1,
rae T — aOconoTHas Temneparypa, T, — NpUBEJEHHAs TeMIepaTypa, yYUThIBarolas
BIIMSIHUE HanpsDkeHHs Ha (asoBble npespamenus [1,2], M. — temnepaTypa okOHYaHUS
npssmoro  ¢azosoro mepexoma A—->M, teR, u{O} — BpeMs mpoliecca.

[IpeanonaokuM TaKkKe, YTO CTPYKTYPHBIH IEpexojl SBISETCS H30TEPMUYECKHM:
T#T(t), a Becb oGbeM V MmapreHcuTHON (a3l CII® HAaXOAUTCS B IOJIHOCTBIO

CABOMHUKOBAHHOM COCTOSTHUU. Torzna B COOTBETCTBUHU C aJIUTHBHBIM MPEICTABICHUEM
nedopmaruu [1] monydum

sij:8§+8§, i,j=12,3. (1.2)
3nech 8:1-5 — ynpyras aeopmaris, sﬁ — ctpykrypHas nedopmanus CIID [2]

85 = E,\_,Il[(lJr V)Gij —3vcgij], G:%gijcij; (1.3)

885 :%pDLP(Gi )G;lsijsci; Sj =0 — 00y, Giz = %Sklskl; (1.4)

E,, — moxyns IOnra CII® npu =1, p, — BepxHsd rpaHb aMIUIMTYbl AeOpPMaLIH

IOJHOTO CTPYKTYpHOrO mpespamenus B M — cocrosuuu [1], W(o;) [Ma] -

MatepHaibHask PyHKIHUS — ITIOTHOCTh MHTEHCUBHOCTH MUKPOHAMNpskeHui npu g =1.
(pl(csi ) =F (Gi —Gl)+ Fl(csi +c51)—], Fl(csi ) =erf (ci/\/i).

C yuerom (1.3), (1.4) onpenenstoliee ypaBHEHUE Ui MHKPEMEHTa CYyMMAapHOM
YIPYTO-CTPYKTYPHOH J1e(OpMaIiii MOXKET OBITh MPUBEACHO K CIEAYIOIIEMY BHIY

Sej =T15,80", T, =TI5, +T15,; (1.5)
Hi?kl = Hi'}/lld = Er:nl [(1+V)gikgjl _Vgijgkl:|’ (1.6)
H;kl :pD\P(Gi)Gi_ZSijSkI = Hisjkl =Hﬁ<ji' (1.7)

3nech Hi'}f(, — KOHTpaBapUaHTHbIE KOMIIOHEHTHI TeH30pa nojatinsocty CII® npu q=1,

COOTBETCTBYIOIINE JINHEHHOW YNIPYTOCTH; Hﬁk, — KOMIIOHEHTBI TE€H30pa CTPYKTYpPHOU
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nofaTiuBocTy npu Aeiictun B CIIO Hanpsbkenus ¢ aesuaropom ;. Takum oOpasom,

ONpENeNISIoNIee COOTHOIICHUE, ONPECIIONIee 3aBHCHMOCTh MAJIOrO IMPUPAIICHHUS
naedopManuy OT MAJIOrO MpHpaLICHUs HanpsbkeHus npu ycaoBusx (1.1), mo dopme
3allMCH aHAJIOTMYHO OOpaTHOW (opme 3akoHa ['yka Uit aHU30TPOIHOW CpEIbl;
MrHoBeHHas (HaBeneHHast) anuzotpornus CI1® npu cTpyKTypHOM mepexoje NopoxKIeHa
ero HanpspbkeHHbIM coctosiaueM (1.7). B cBoro ouepens, npupaiieHue auiatamun o0

B CII® mpu CTpyKTYpHOM MpPEBPALICHUH BBI3BAHO TOJBKO YINPYTUMH JeQOpMaIusiMu

(1.6)
gijnﬁm :pD\P(Gi)Gi_l(gijsij)skl =0 = (1.8)
= 80=g'IT,56" =3(1-2v)Elo. '

2. OBOBIIEHHBIE YPABHEHUS BEJIBTPAMMU V1A CIIVIABA
C ITAMATHIO, IPETEPIHHEBAIOILIEI'O CTPYKTYHOE IIPEBPAILIEHUE

VYpaBHEHUS] COBMECTHOCTH JiepopMalliii B INHEHHOM MOCTAaHOBKE UMEIOT BUJIL [7]
v, Ve =0, (2.1)
Beenem  pasznoxenue — gedopmanMud  Ha  HAaKOIUIGHHYK  Aedopmaruro
U IIpUpAILECHHE

_ 0 E s
€y = Emy +OE, +OE, .

mn
o 0
IIpennonaras [5], uto JUist HAKOIUIEHHOHN AedopManuu €, BBIIOJIHIETCS yCIOBUE

(2.1), ¢ yuerom (1.2) moiy4umM MHKPEMEHTAIbHOE YPaBHEHHE COBMECTHOCTH B BHE [8]
V.,V 30+ Ade;— g1V, (V Beg+ V8¢5 ) = 2,
=g"V, (V,3e5+ V3¢5, ) -Ade; . ¢2)
Tax xak E,, =Const, neas uactb (2.2) HOJHOCTBIO HJICHTHYHA YPAaBHEHHIO
COBMECTHOCTH YHpyroii cpensl [8] u Moxker ObITh peacTaBieHa B popme benprpamu
By {(1+ V)] A80,~ gV, (V,80,+ V80, ) |+3(V,V 86 - vg,A80)|; (2.3)

B CIOy4ae CTPYKTYpPHOTO TIepexoia WHKPEMEHT YIpyroi aedopmanuu 88:1-5

HecoBMecTeH; (2.3) He oOparmaercst B HyJb. [IpH TJIaBHOM BEKTOPE MACCOBBIX CHII

F = Fi(Xj) COOTHOIIeHUE (2.2) NPHUBOAUTCS C YYETOM YypaBHEHUS DPaBHOBECHS
ij _ i

V80’ =pF' k (2.4)

En| (1+V)ASc, +3(V,V 86 - vg;Ad0) | =
(2.4)
=g"V, (V 3e;+ V8¢5, ) -Ade;.
Cseprka ypaBHeHus (2.4) o ABYM MHAEKCaM I, J, B CBOK OYEPE/lb, MPUBOIUT
K YPaBHEHHIO JI7Isl BOIHOI AMBEPreHIMN TIPUPAIIEHHS CTPYKTYPHO# nedopmamun O
vivj&-:g =3Ey (1-v)Ac. (2.5)
[MpaBast yactsh (2.2) wu (2.4) ¢ yaerom (1.5) u (1.7) umeet Bua
amy, v, sc" +(vnﬁ;“ —An;ﬁ'“))z‘)ok' +
(2.6)

A CATHESTHES LR ATHR AL
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KI(S)

/i€ BBEJCHBI 0003HAYCHUS JTMHEHHBIX KOMOWHAIIUNA TEH30POB [T

U TIPOU3BOTHBIX
= n-(S .n-(S = . = .n-(S -n-(S =
H.Tkr: = 8imHj-ld( ) + STHLH( )= HTi?k’ Hir}kl = ViHj-kI( ) + iji~kI( )= Hr}nk-

VpaBuenust coBMmecTHOCTH (2.4) mpu ydere (2.6) mpuUBOAATCS K CICIyrOIIEi

3allMCH  OTHOCHUTCJIIBHO KOHTpPAaBAPUAHTHBIX KOMIIOHCHTOB MHKPCMCHTA TCH30pa
HaIIPsAKCHUA

{Er:Al [(1+V)gikgjlgmn +3(gk|6imsr; —v0;949™ )]_ﬁm}vmvnaﬁkl - 2.7)

~ (VI T~ 2™V IT5, ) V80"V, [T, — AT, )30 =0,

ijkI
O6o6mennbie  ypaBHenusi benprpamm (2.7) mns CII®, mnpereprieBaromero
U30TEPMUYECKUM CTPYKTYPHBIM IE€pEXOJ, JIMHEWHBl OTHOCUTEIBHO WHKPEMEHTOB

Hanpsokeaus O u omHoponHel mpu F # Fi(xj). ITepemennbie K03 PUITUESHTHI

ypaBHeHUH (2.7) 3aBUCAT OT J€BMATOPA HANPSLKEHUS S;; W MHTEHCHBHOCTH HAIIPSKEHHS

O,, U3BECTHBIX U3 PELICHMS 33/lauM Ha HPEABIAYLIEM IIare UTEPalMOHHOrO Hpolecca,
U MOTYT OBITh BbIYKCIICHBI ¢ yueToM (1.7) u (2.5).

3. YPABHEHUSA COBMECTHOCTH JE®OPMAIIMI CILTTABA
C NAMATBHIO OTHOCHUTEJIBHO TEH3O0P-®@YHKIIUU HAIIPS)KEHU A

Onpenenum Tensop 36 uepes Tenzop-dyHkmIo Hanpskenuit 3¢ . [7]
86 =¥e®V V 8,

TOTJIa TIPU y4eTe gk'HSk, =0 (1.4), (1.7) mocranoBka 3a1auu o aepopmupoBanuu CIID

Opd  U30TEPMUYECKOM CTPYKTYPHOM TpPEBPALCHUH CBOJHMTCS K YPaBHCHHUSAM
COBMECTHOCTH (2.7) OTHOCHTENILHO NPHpPAIIEHNUS TeH30pa-pyHKnuu 8¢, B Buze (3.1)

Ev {[(1_ 2v)g;A+3V,V, } (3A6¢ —V,V80™ ) -
~(1+ V)A[sviv16¢+A6¢i,- -V, (V307 +V;5¢i~pﬂ} +
+3M7 PV, VY,V 36+ TT"V, V, ASG,, -
—(T{"V,V,V V86 + "V, V,V V 5¢% )+
+31]PV, V V8 + 1]V, A8, —

ij

3.1)

~(I1V, v V8¢, ~T17'V, V V 367 )+
7 P s

+3I0V V 80+ TV V 80, —

~(IY'V V8¢, + 1PV V3¢5 ) = 0.
3nech 3 =10"d¢,, ; BBeIeHBI CieayoNme 0003HAYCHHUS!
ﬁ:}LQD — Vnﬁirjnjn,qp+ ]E[i?'qp_ ngnvnn-iﬁp(s); ﬁi?q — Vnﬁ;,pq_ AH}j?q(S)'

Cratuyeckue KpaeBble yCJOBUS, cooTBercTByronme (3.1), aHaJOru4HBI

IPUHAMAEMbIM B TEOpPHUH yIpyroctd. DOpMyIHpOBKa KHHEMATHYECKUX KpPaeBbIX

YCIIOBUM TpU MOCTaHOBKE 3adauu o jaepopmupoBanun CII® npu CTpyKTypHBIX
IPEBPALCHUSX B IPUPAIICHUSAX HANPSHKEHUH TpeOyeT JONOTHUTEIbHOIO U3YUCHHUSI.

591



3AK/IIOYEHUE

Takum oOpa3oM, Ha O0a3e TIeOMETPUYECKH JIMHEHHON IOCTaHOBKH 3a/a4u
B paMKaXx OJHOKPAaTHO CBA3HOH MOJENH TEPMOYNPYrHX (a3oBO-CTPYKTYPHBIX
[IpEeBpalleHUI BIEpBbIE NMOJY4YEHbl B OOpAaTHOW 3alMCU JIMHEHHbIE MHKPEMEHTAJIbHbIE
OIIpEACIAIOIIME COOTHOLIEHUS Ul CIUIaBa C MaMATHbIO B MAPTEHCUTHOM COCTOSIHUM,
IIPETEPIEBAIONIETO  M30TEPMUYECKUN  CTPYKTYpPHBIM  II€pexof,  aHAJOTUYHBIE
ypaBHEHUsIM ['yka I aHM30TPONHOW Cpeabl, NPUYEM MIHOBEHHAs aHU30TPOIUS
MOPOKIAETCSl  NEHCTBYIOIUMMHU  HANpsDKCHUSAMHU. BBIBEICHBI  COOTBETCTBYIOIIUE
YpaBHEHHsI COBMECTHOCTH B 0000meHHOH ¢Qopme benbTpamMu OTHOCHTEIHHO
IIPUPALICHUN TEH30pa HANPSDKEHUS, a TAKXKE JIMHEHHbIE NTHKPEMEHTAIbHBIE YPAaBHEHUS
COBMECTHOCTH B (popMe benbTpaMu OTHOCHTENBHO HMPUPALICHUH KOMIIOHEHTOB TEH30P-
¢byukuun  Hanpsbkenus.  [IpemnokeHHas  (opMyJIMpOBKa 3agadd, B OTJIMYME
OT ITIOCTAaHOBKH B IIEPEMEILEHUSX, HE TpeOyeT onepanuu oOpaleHuss THKPEMEHTaIbHbIX
OIIPEAEIAIOIIUX COOTHOILIEHU.
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